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ALMOST CYCLIC ELEMENTS IN CROSS CHARACTERISTIC
REPRESENTATIONS OF FINITE GROUPS OF LIE TYPE
LINO DI MARTINO, MARCO A. PELLEGRINI, AND ALEXANDRE E. ZALESSKI
Abstract. This paper is a significant contribution to a general program aimed
to classify all projective irreducible representations of finite simple groups over
an algebraically closed field, in which the image of at least one element is
represented by an almost cyclic matrix (that is, a square matrix M of size n
over a field F with the property that there exists α ∈ F such that M is similar
to diag(α·Idk,M1), whereM1 is cyclic and 0 ≤ k ≤ n). While a previous paper
dealt with the Weil representations of finite classical groups, which play a key
role in the general picture, the present paper provides a conclusive answer
for all cross-characteristic projective irreducible representations of the finite
quasi-simple groups of Lie type and their automorphism groups.
1. Introduction
Let V be a vector space of finite dimension n over an arbitrary field F , and
let M be a square matrix of size n over F . Then M is said to be cyclic if the
characteristic polynomial and the minimum polynomial of M coincide. Note that
a matrix M ∈ Mat(n, F ) is cyclic if and only if the F 〈M〉-module V is cyclic,
that is, is generated by a single element. This is standard terminology in module
theory, and the source of the term ‘cyclic matrix’. Matrices with simple spectrum
often arising in applications are cyclic. We consider a generalization of the notion
of cyclic matrix, namely, we define a matrix M ∈Mat(n, F ) to be almost cyclic if
there exists α ∈ F such that M is similar to diag(α · Idk,M1), where M1 is cyclic
and 0 ≤ k ≤ n.
Examples of almost cyclic matrices arise naturally in the study of matrix groups
over finite fields. For instance, if an element g ∈ GL(V ) acts irreducibly on V/V ′,
where V ′ is some eigenspace of g on V , then g is almost cyclic. Transvections
and reflections are other examples, as well as unipotent matrices with Jordan form
consisting of a single non-trivial block.
The aim of the present paper is to implement a crucial step within a general
project, which can be stated as follows: determine all irreducible subgroups G of
GL(V ) which are generated by almost cyclic matrices, mainly when F is alge-
braically closed. The motivations for such a program (including the connections
with the area of linear group recognition) have been described in full detail in [8],
to which paper we also refer for the citations of all relevant past results connected
to our subject.
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Note that, as current applications seem to focus on p-elements, we will limit
ourselves to the study of elements g ∈ G of any p-power order, p a prime. Further-
more, we will make a systematic use of representation theory and will exploit the
classification theorem of finite simple groups.
The sporadic simple groups and their covering groups have been completely dealt
with in [5].
In [7], we started to deal with finite groups of Lie type, and determined all the ir-
reducible representations of a quasi-simple group of Lie type G over an algebraically
closed field F of characteristic coprime to the defining characteristic of G, in which
the image of at least one unipotent element g is represented by an almost cyclic
matrix. The complementary case, when g is unipotent in G, and the characteristic
of F is the defining characteristic of G, has been settled for classical groups in [29],
and for the exceptional groups of Lie type in [31]. This leaves open the case when g
is a semisimple element of prime-power order of G. The case where g2 = 1 already
attracted attention many years ago, and was treated in [27, 35, 38, 39].
We should also mention that the occurrence of almost cyclic p-elements in irre-
ducible F -representation of finite simple groups, where p = ℓ = charF , has been
studied recently in [3].
In the paper [8], the focus was on Weil representations of finite classical groups
(there, an ample overview of these representations is given in Section 5.1). The
reason to deal first with Weil representations was the strong evidence that most
examples of semisimple almost cyclic elements occur in Weil representations, and
the actual occurrence of such elements was thoroughly examined in [8].
In the present paper, we will consider the occurrence of almost cyclic elements of
prime-power order in projective cross-characteristic irreducible representations φ of
finite simple classical groups L which are not Weil (Sections 5, 6, 7, 8). Furthermore,
we will also consider the group extensions G of groups L by outer automorphisms
(note that a separate ad hoc section (Section 4) is required for the case when
PSL(2, q) ⊆ G ⊆ AutPSL(2, q)). Finally, we will also deal with the projective
irreducible representations of finite simple exceptional groups of Lie type and their
automorphism groups (Section 9).
One of our main tools is Lemma 2.3, which gives an upper bound for dimφ in
terms of the order of g ∈ G provided g is almost cyclic. In order to exploit that
lemma we need an accurate upper bound for ηp(AutL), the exponent of a Sylow p-
subgroup of AutL, and for α(g), the minimal number of conjugates of g generating
G. Results on ηp(AutL) are collected in Section 3. Rather precise information
on α(g) is available in a paper by Guralnick and Saxl [18], which is our main
reference for this matter. If g ∈ L and CL(g) contains no unipotent elements, then
α(g) ≤ 3 (see Lemma 2.8, deduced from a result of Gow [13]). However, if dimφ
is relatively small in comparison with ηp(G), much more analysis is required. This
actually happens either if |L| is small or if G = L and φ is a Weil representation.
(As already mentioned, the Weil representations have been dealt with in [8]). In
each case, we first try to compare the upper bound for the degree of a non-Weil
irreducible representation in terms of |g| with the minimum degree of a non-trivial
non-Weil irreducible representation of G. The groups for which this comparison
does not lead to a desirable conclusion, are dealt with separately.
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Notation. For a group G the centre of G is denoted by Z(G). For a finite group
G we write |G| for the order of G. For g ∈ G, |g| is the order of g, and o(g) is the
order of g modulo Z(G), that is, the minimum integer k such that gk ∈ Z(G).
Let G be a finite group. If g does not lie in a proper normal subgroup of G,
we write α(g) for the minimum number of conjugates of g that generate G. For a
prime p we denote by ηp(G) the exponent of a Sylow p-subgroup of G.
For the reader’s sake, it is convenient to lay down explicitly some further notation
which will be used throughout the paper.
A finite field of order q (where q is a prime-power) is denoted by Fq.
Let V be a vector space of finite dimension m > 1 over the finite field Fq. The
general linear group GL(V ), that is, the group of all bijective linear transformations
of V , and the special linear group SL(V ), that is, the subgroup of GL(V ) consisting
of the transformations of determinant 1, are denoted by GL(m, q) and SL(m, q),
respectively.
Suppose that the space V is endowed with a non-degenerate orthogonal, sym-
plectic or unitary form. Then I(V ) denotes the group of the isometries of V , that
is the set of all elements x ∈ GL(V ) preserving the form. Then we will loosely use
the term ‘finite classical group’ for a subgroup G of I(V ) containing the commuta-
tor subgroup I(V )′, as well as the projective image of G, that is, the quotient of G
modulo its scalars, which will be denoted by PG. In particular: if V is a symplectic
space over Fq, I(V ) will be denoted by Sp(m, q); if V is a unitary space over the
field Fq2 , I(V ) will be denoted by U(m, q); and if V is an orthogonal space over
Fq, I(V ) will be denoted by O(m, q). More precisely, if V is an orthogonal space
of even dimension m, we will denote I(V ) by O+(m, q) or O−(m, q) if V has max-
imal or non-maximal Witt index, respectively. Accordingly, the subgroups of the
unitary and orthogonal isometry groups consisting of the elements of determinant
1 will be denoted by SU(m, q), SO(m, q), SO+(m, q) and SO−(m, q), respectively.
We recall that Sp(m, q)′ = Sp(m, q), unless m = 2 and q ≤ 3, or (m, q) = (4, 2),
whereas U(m, q)′ = SU(m, q), unless m = 2 and q ≤ 3, or (m, q) = (3, 2). In the
orthogonal case, the groups SO(m, q), SO+(m, q) and SO−(m, q) contain I(V )′ as
a subgroup of index 2. We will denote by Ω(m, q) and Ω±(m, q) the commutator
subgroups of the corresponding orthogonal groups, and accordingly, we will refer
to a classical group as a subgroup of I(V ) containing the commutator subgroup
I(V )′. Furthermore, we will denote by CSp(2n, q) the conformal symplectic group,
that is, the group of symplectic similarities. Finally, it should be noted that in
places the term ‘classical group’ will be meant to include also the groups GL(m, q)
and SL(m, q) (considering V endowed with the identically zero bilinear form). It
is well-known that, for m > 2, or m = 2 and q > 3, one has GL(m, q)′ = SL(m, q).
Finally, recall that whenever G = SL(m, q), or G = I(V )′, the projective group
PG is simple, except for a few exceptions occurring for m and |F | very small.
Furthermore, according to the Classification Theorem, a finite simple non-abelian
group is either an alternating group on n ≥ 5 objects, or one of the 26 so-called
sporadic groups, or a classical simple group, or a simple exceptional group of Lie
type.
Throughout the paper, unless stated otherwise, we assume that F is an alge-
braically closed field of characteristic ℓ. We emphasize that the representations of
G we will consider are all over F .
We recall the following basic definition:
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Definition 1.1. LetM be an (n×n)-matrix over an arbitrary field F . We say that
M is almost cyclic if there exists α ∈ F such that M is similar to diag(α · Idk,M1),
where M1 is cyclic and 0 ≤ k ≤ n.
Remarks. It is trivial to observe that every (3 × 3)-matrix over any field F is
almost cyclic. Another elementary observation, which will be useful throughout
the paper, is the following: if M ∈ GL(V ) is almost cyclic, and U is an M -stable
subspace of V , then the induced actions of M on U and on V/U yield almost cyclic
matrices.
By a projective F -representation of a group G we mean a homomorphism φ :
G → PGL(m,F ) for some m. Then, for g ∈ G, φ(g) is said to be almost cyclic if
so is any matrix in the pre-image of φ(g) in GL(m,F ).
IfG is a finite group of Lie type of defining characteristic r, we assume throughout
the paper that ℓ is coprime to r. Furthermore, note that: (1) the conjugacy classes of
elements of G are labeled according to the GAP package [10]; (2) the extensionsG of
a finite simple group of Lie type L by outer automorphisms will be labeled according
to the Atlas notation as given in [2] and [22], unless we wish to indicate explicitly
that G the extension of L by some field automorphism, in which case G will be
denoted, say, by PΣL(m, q) or PΣU(m, q) for L = PSL(m, q) or L = PSU(m, q),
respectively.
The main result of the present paper is summarized in the following:
Theorem 1.2. Let L be a finite simple group of Lie type, let g ∈ AutL be a p-
element for some prime p, and let G = 〈L, g〉. Let φ be a non-trivial irreducible
projective representation of G over an algebraically closed field F of characteris-
tic ℓ, different from the defining characteristic of L. Furthermore, assume that
g2 6= 1, L 6= PSL(2, q) and φ(g) is almost cyclic. Then, either φ|L is an irre-
ducible Weil representation of L, where L ∈ {PSL(n, q) (n ≥ 2), PSU(n, q) (n ≥
3), PSp(2n, q) (n ≥ 2, q odd)} and g is semisimple, or one of the following occurs:
(1) L = PSL(3, 2), dimφ = 2, ℓ = 7 and either |g| = 3, 4, 7 or g /∈ L and
|g| = 8;
(2) L = PSL(3, 2), dimφ = 3, 4 and and either |g| = 3, 4, 7 or g /∈ L and
|g| = 8;
(3) L = PSL(3, 2), dimφ = 5, ℓ = 7 and either |g| = 4 or g /∈ L and |g| = 8;
(4) G = PSL(3, 2), dimφ = 6, ℓ = 7 and |g| = 7;
(5) G = PSL(3, 2).2, dimφ = 6, 7, and |g| = 8, with g /∈ L;
(6) L = PSL(3, 2), dim φ = 8 and either ℓ 6= 3, 7 and |g| = 7, or ℓ 6= 7, g /∈ L
and |g| = 8;
(7) G = PSL(3, 4), dimφ = 4 and ℓ = 3 and |g| = 3, 4, 5, 7;
(8) G = PSL(3, 4), dimφ = 6 and |g| = 5, 7;
(9) G = PSL(3, 4), dimφ = 8 and |g| = 7;
(10) G = PSL(3, 4).21, dim = 6 and |g| = 8;
(11) G = PSL(3, 4).22, dim = 4, 6, ℓ = 3 and |g| = 8;
(12) G = PSL(3, 4).23, dim = 6, ℓ = 3 and |g| = 8;
(13) G = PSL(3, 4).23, dim = 8 and |g| = 8;
(14) G = PSL(3, 4).23, dim = 10, ℓ = 3 and g ∈ 8a;
(15) G = PSL(4, 2), dimφ = 7 and either g ∈ 3a or |g| = 5;
(16) G = PSL(4, 2), dimφ = 8 and |g| = 7;
(17) G = PSL(4, 2).2, dimφ = 7 and |g| = 4, 8;
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(18) G = PSL(4, 2).2, dimφ = 8 and |g| = 8;
(19) G = PSU(3, 3).2, dimφ = 6 and |g| = 8;
(20) G = PSU(3, 3).2, dimφ = 7, ℓ 6= 2 and |g| = 8;
(21) G = PSU(3, 4), dimφ = 12 and |g| = 16;
(22) G = PSU(4, 2), dimφ = 4, ℓ 6= 3 and g ∈ 3a, 3b, 3d or |g| = 4, 5, 9;
(23) G = PSU(4, 2), dimφ = 4, ℓ = 3 and g ∈ 3a, 3b, 4a or |g| = 5, 9;
(24) G = PSU(4, 2), dimφ = 5 and g ∈ 4b;
(25) G = PSU(4, 2).2, dimφ = 4, ℓ = 3 and g ∈ 4d or |g| = 8;
(26) G = PSU(4, 2).2, dimφ = 5, ℓ = 3 and |g| = 4, 8;
(27) G = PSU(4, 2).2, dimφ = 6, ℓ 6= 3 and |g| = 4, 8;
(28) G = PSp(4, 3), dimφ = 4 and g ∈ 3a, 3b, 3d or |g| = 9;
(29) G = PSp(4, 3), dimφ = 5, ℓ 6= 2 and g ∈ 3d or |g| = 9;
(30) G = PSp(4, 3), dimφ = 6 and g ∈ 3c or |g| = 5, 9;
(31) G = PSp(4, 3).2, dimφ = 6 and |g| = 4, 8;
(32) G = PSU(4, 3), dimφ = 6 and either g ∈ 3b or |g| = 5, 7, 8, 9;
(33) G = PSU(4, 3).22, dimφ = 6 and either g ∈ 4d or |g| = 8;
(34) G = PSU(5, 2).2, dimφ = 10 and |g| = 16;
(35) G = PSp(4, 4), dimφ = 18 and |g| = 17;
(36) G = PSp(6, 2), dimφ = 7 and either g ∈ 3a, 4c or |g| = 5, 7, 8, 9;
(37) G = PSp(6, 2), dimφ = 8 and |g| = 7, 8, 9;
(38) G = Ω+(8, 2), dimφ = 8 and either g ∈ 3a, 5a, 8b or |g| = 7, 9;
(39) G = SO+(8, 2), dim φ = 8 and either g ∈ 4f or |g| = 8;
(40) G = 2B2(2
3), dimφ = 14 and |g| = 13;
(41) G = 2B2(2
3), dimφ = 8, ℓ = 5 and |g| = 7, 13;
(42) G = G2(3), dimφ = 14 and |g| = 13;
(43) G = G2(4), dimφ = 12 and |g| = 13, 16.
Moreover, in each of the cases listed above, φ(g) is indeed almost cyclic.
Remark. In our analysis we will deal separately with the following cases: (i) |g| = 2
(see Lemma 2.12 and Section 9); (ii) L = PSL(2, q) (see Section 4); (iii) The groups
PSL(n, q), n > 2; PSU(n, q), n > 2; PSp(2n, q), n > 1, q odd; case (p, q) = 1 (see
Section 5); (iv) The groups PSL(n, q), n > 2; PSU(n, q), n > 2; PSp(2n, q), n > 1,
q odd; case p | q (see Section 6); (v) Some exceptional low-dimensional classical
groups (see Section 7); (vi) The groups Sp(2n, q), n > 1, q even; Ω(2n+1, q), n > 2,
q odd; PΩ±(2n, q), n > 3 (see Section 8); The exceptional groups of Lie type (see
Section 9).
2. Preliminaries
2.1. Almost cyclicity and dimension bounds. Let G be a finite group and φ
be a projective irreducible F -representation of G. Let g ∈ G and suppose that φ(g)
is almost cyclic and non-scalar. Our results will be essentially based on the fact
that dimφ can be bounded in terms of the minimum number α(g) of conjugates of
g sufficient to generate G. In this subsection we explain this in detail.
The following crucial results on generation by conjugates are due to Guralnick
and Saxl [18].
Proposition 2.1. Let L be a simple group of Lie type, and let 1 6= x ∈ AutL.
Denote by α(x) the minimum number of L-conjugates of x sufficient to generate
〈x, L〉. Then the following holds:
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(1) [18, Theorem 4.2] Let L be a simple classical group, and assume that the
natural module for L has dimension n ≥ 5. Then α(x) ≤ n, unless L =
PSp(n, q) with q even, x is a transvection and α(x) = n+ 1.
(2) [18, Theorem 5.1] Let L be a simple exceptional group of Lie type, of un-
twisted Lie rank m. Then α(x) ≤ m + 3, except possibly for the case
L = F4(q) with x an involution, where α(x) ≤ 8.
Remark. In the case of symplectic and orthogonal groups the estimates on α(x)
given in item (1) of the previous proposition can be improved; moreover, the as-
sumption on the rank of L can be weakened so as to include groups of rank ≤ 4
(see [18, Theorem 4.3] and [18, Theorem 4.4]). However these better estimates are
irrelevant for our needs in the sequel, and hence we will stick to the results quoted
in Proposition 2.1.
In [18], the authors also prove analogous results for other low-dimensional clas-
sical groups. We quote the following, which will be needed in the sequel.
Proposition 2.2. Under the same assumptions and of Proposition 2.1, and as-
suming additionally that x has prime order, the following holds:
(1) [18, Lemma 3.1] Let L = PSL(2, q), with q ≥ 4. Then α(x) ≤ 3, unless
either (i) x is a field automorphism of order 2 and α(x) ≤ 4, except that
α(x) = 5 for q = 9; or (ii) q = 5, x is a diagonal automorphism of order 2
and α(x) = 4. Moreover, if x has odd order, then α(x) = 2, unless q = 9,
|x| = 3 and α(x) = 3.
(2) [18, Lemma 3.2] If G = PSL(3, q), then α(x) ≤ 3 unless x is an involutory
graph-field automorphism and α(x) ≤ 4.
(3) [18, Lemma 3.3] If G = PSU(3, q), q > 2, then α(x) ≤ 3, unless q = 3 and
x is an inner involution with α(x) = 4.
(4) [18, Theorem 4.1(c),(d)] If G = PSL(4, q), then α(x) ≤ 4, unless one of
the following holds: (i) q > 2, x is an involutory graph automorphism and
α(x) ≤ 6; (ii) q = 2, x is an involutory graph automorphism and α(x) ≤ 7.
(5) [18, Lemma 3.4] If G = PSU(4, q), then α(x) ≤ 4, unless one of the
following holds: (i) x is an involutory graph automorphism and α(x) ≤ 6;
(ii) q = 2 with x a transvection and α(x) ≤ 5.
(6) [18, Theorem 4.1(f)] If G = PSp(4, q), then α(x) ≤ 4, unless x is an
involution and α(x) ≤ 5, or q = 3 and α(x) ≤ 6.
The above quoted bounds on α(x) play a role in the following lemma, which is
crucial for our purposes.
Lemma 2.3. Let H be a finite group, and let M be an irreducible FH-module,
where F is an arbitrary algebraically closed field. Let h ∈ H and suppose that
H is generated some conjugates of h. Let d = dim(λ · Id−h)M 6= 0 for some
λ ∈ F . Then dimM ≤ dα(h). In particular, if h is almost cyclic on M, then
dimM ≤ α(h)(o(h) − 1) ≤ α(h)(|h| − 1).
Proof. Let m = α(h) and h1, . . . , hm be conjugates of h generating H . Let Mi =
(λ · Id−hi)M . Then every hi acts scalarly as λ on M/Mi, and hence it acts scalarly
as λ on any quotient M/U where U is a subspace containing Mi, thus in particular
on M/(
∑
Mi). This is true for every i, so every hi acts as λ on M/(
∑
Mi). Since
〈h1, . . . , hm〉 = G, the group G acts scalarly on M/(
∑
Mi). It follows that
∑
Mi
is a non-zero G-submodule of M , and hence coincides with M . Since dim(
∑m
i=1(λ ·
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Id−hi)M) ≤
∑m
i=1 dim(λ · Id−hi)M = m · dim(λ · Id−h)M = md, the first part
of the statement follows. The second part of the statement is proven in [5, Lemma
2.1]. 
We remark here that throughout the paper we will frequently make use of Lemma
2.3 without explicit reference to it.
Next, we recall, for the reader’s sake, some basic notions and facts concerning
algebraic groups (standard references on these matters are, e.g., [1, 4]).
Let G be a connected reductive algebraic group. An element g ∈ G is called
regular semisimple if C0
G
(g) is a maximal torus. An element g ∈ G is regular
semisimple if and only if it belongs to a unique maximal torus of G (see [1, p. 29]).
Lemma 2.4. Let G be a connected reductive algebraic group with Frobenius endo-
morphism Fr, and let GFr = {x ∈ G : Fr(x) = x}. Then either G is a torus, or
GFr contains non-central unipotent elements.
Proof. As G is connected and reductive, G = G′Z0, where G′ is semisimple, and
Z0 (the identity component of Z(G)) is a torus. Suppose that G is not abelian
(that is, it is not a torus). Then G′ is a non-trivial semisimple group. It is well
known that G′ is generated by unipotent elements (e.g. see [4, 0.37]), and hence
GFr has non-trivial unipotent elements. On the other hand, Z(GFr) = Z(G)Fr (e.g.
see [1, Prop. 3.6.8]). As Z(G) consists of semisimple elements (see [4, 0.35]), and
G is not abelian, it follows that GFr contains non-central unipotent elements, as
requested. 
Lemma 2.5. Let G be a connected reductive algebraic group of defining charac-
teristic ℓ, and let G = GFr. A semisimple element g ∈ G is regular if and only if
(|CG(g)|, ℓ) = 1 (equivalently, if and only if CG(g) contains no unipotent element).
Proof. Set X = CG(g). Then X is Fr-stable and CG(g) = X
Fr. Suppose that g is
regular. Then X0 is a torus, hence it contains no unipotent element. Furthermore,
X/X0 is isomorphic to a subgroup of Z(G˜) ([26, Proposition 14.20]) which consists
of semisimple elements. As every semisimple element in G is of order coprime to r,
we have (r, |X/X0|) = 1. Therefore, X consists of semisimple elements.
Conversely, suppose that (r, |XFr|) = 1. If X0 is not a torus then XFr0 contains
a unipotent element, by Lemma 2.4. 
The following results concerning regular semisimple elements will be useful for
our purposes.
Lemma 2.6. [13] Let G be a simple group of Lie type of characteristic ℓ and let
1 6= g ∈ G be a regular semisimple element. Then every semisimple element of G
can be expressed as a product ab, where a, b are conjugate to g.
As a corollary of Lemma 2.6, we obtain a small refinement of case (1) of Propo-
sition 2.2, when considering 2-elements:
Lemma 2.7. Let L = PSL(2, q), where q is odd and q > 9. Let g ∈ L be a
2-element such that g2 6= 1. Then α(g) = 2.
Proof. Note that g is a regular semisimple element of L (as CL(g) contains no
unipotent element). So, by Lemma 2.6, there exists x ∈ L conjugate to g such that
gx = s, where s is a Singer cycle of L. If q > 9, it is well-known that every proper
8 LINO DI MARTINO, MARCO A. PELLEGRINI, AND ALEXANDRE E. ZALESSKI
subgroup of L containing s is either S = 〈s〉 or N = NL(S), a dihedral group of
order 2|S|. Therefore, the result is true unless both g, x ∈ N . But the latter is not
the case. Indeed, suppose that g, x ∈ N . As N is dihedral, all the 2-elements of
order ≥ 4 of N are in S. Therefore g ∈ S and x ∈ S. As S is cyclic and |g| = |x|,
it follows readily that |gx| < |g|; this obviously contradicts gx = s, as claimed. 
Lemma 2.8. [8, Lemma 2.8] Let G be a simple group of Lie type. Then the
following holds:
(1) G is generated by two semisimple elements.
(2) Let g ∈ G be any regular semisimple element. Then α(g) ≤ 3, that is, G
can be generated by three elements conjugate to g.
Corollary 2.9. Let F be any algebraically closed field, and let G be an irreducible
finite subgroup of GL(n, F ) isomorphic to a quasi-simple group of Lie type. Let
g ∈ G be a regular semisimple element, and suppose that g is almost cyclic. Then
n ≤ 3(o(g)− 1).
Proof. The result is a straightforward consequence of Lemma 2.3 and Lemma 2.8.

Remark. The bound given in the above corollary remains true when considering
any projective irreducible representation of G.
The following two lemmas are crucial for us in view of the results above. The
first one yields the best known lower bounds for the dimension of an irreducible pro-
jective cross-characteristic F -representation of a finite classical group. The second
one provides lower bounds for the dimension of any non-Weil irreducible projective
cross-characteristic F -representation of a finite classical group.
Lemma 2.10. Let L be a simple classical group of defining characteristic r and
let φ be an irreducible projective cross-characteristic F -representation of L, with
dimφ > 1. Then the following holds:
(1) If L = PSL(2, q), then dimφ ≥ q−1(2,q−1) , unless q = 4, 9; in the latter
exceptional cases, dimφ ≥ 2, 3, respectively;
(2) If L = PSL(n, q), n > 2, then dim φ ≥ q
n−1
q−1 −2, unless (n, q) = (3, 2), (3, 4),
(4, 2), (4, 3); in the latter exceptional cases, dimφ ≥ 2, 4, 7, 26, respectively;
(3) If L = PSU(n, q), n > 2, (n, q) 6= (4, 2), (4, 3), then dimφ ≥ q
n−q
q+1 if
n is odd, while dimφ ≥ q
n−1
q+1 if n is even; if (n, q) = (4, 2), (4, 3), then
dim φ ≥ 4, 6, respectively;
(4) If L = PSp(2n, q), n > 1, and q is odd, then dimφ ≥ q
n−1
2 ;
(5) If L = PSp(2n, q), where n > 1, q is even, and (n, q) 6= (4, 2), then dimφ ≥
q(qn−1)(qn−1−1)
2(q+1) . If L = PSp(4, 2)
′, then dimφ ≥ 2;
(6) Let L = PΩ(2n+1, q), where n > 2 and q is odd. If q = 3, and n 6= 3, then
dim φ ≥ (3
n−1)(3n−3)
32−1 ; if q > 3, then dimφ ≥
q2n−1
q2−1 − 2; if (n, q) = (3, 3),
then dimφ ≥ 27;
(7) Let L = PΩ+(2n, q), n > 3. If q < 4, (n, q) 6= (4, 2), then dimφ ≥
(qn−1)(qn−1−1)
q2−1 ; if q ≥ 4, then dim φ ≥
(qn−1)(qn−1+q)
q2−1 −2; if L = PΩ
+(8, 2),
then dimφ ≥ 8;
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(8) Let L = PΩ−(2n, q), n > 3, where (n, q) 6= (4, 2), (4, 4), (5, 2), (5, 3). Then
dim φ ≥ q(q
n+1)(qn−2−1)
q2−1 −1; for the exceptional cases, dimφ ≥ 32, 1026, 151,
2376, respectively.
Proof. All items of the statement can be found in [21, Table 1] and the references
therein. 
Lemma 2.11. Let L ∈ {PSL(n, q), n ≥ 3; PSU(n, q), n ≥ 3; PSp(2n, q), n ≥
2, q odd} and let φ be a non-trivial cross-characteristic projective irreducible rep-
resentation of L. Then either φ is a Weil representation, or one of the following
occurs.
(A) If L = PSL(n, q) and (n, q) 6= (3, 2), (3, 4), (4, 2), (4, 3), (6, 2), (6, 3), then
dim φ ≥ θ+n (q), where
θ+n (q) =


(q − 1)(q2 − 1)/ gcd(3, q − 1) if n = 3,
(q − 1)(q3 − 1)/ gcd(2, q − 1) if n = 4,
(qn−1 − 1)((qn−2 − q)/(q − 1)− κn−2) if n ≥ 5.
Here, κn = 1 if ℓ divides (q
n − 1)/(q− 1) and 0 otherwise. Furthermore, if
(n, q) = (4, 3), (6, 2), (6, 3), then dimφ ≥ θ+n (q), where θ
+
n (q) = 26, 61, 362,
respectively.
(B1) If L = PSU(n, q), with n ≥ 5 and (n, q) 6= (6, 2), then dimφ ≥ θ
−
n (q),
where
θ−n (q) =
{
qn−2(q−1)(qn−2−q)
q+1 if n is odd,
qn−2(q−1)(qn−2−1)
q+1 if n is even.
(B2) If L = PSU(4, q) and q > 3, then dimφ ≥ θ
−
4 (q), where
θ−4 (q) =
{
(q2+1)(q2−q+1)−2
2 if q is odd,
(q2 + 1)(q2 − q + 1)− 1 if q is even.
(B3) If L = PSU(3, q) and q ≥ 5, then dimφ ≥ θ
−
3 (q), where
θ−3 (q) =
{
(q−1)(q2+3q+2)
6 if gcd(3, q + 1) = 3,
2q3−q2+2q−3
3 if gcd(3, q + 1) = 1.
(C) If L = PSp(2n, q) and (2n, q) 6= (6, 2), then dimφ ≥ σn(q), where
σn(q) =
(qn − 1)(qn − q)
2(q + 1)
.
Proof. Case (A) is dealt with in [16, Theorem 1.1]. Cases (B1) to (B3) are dealt with
in [15, Theorem 2.7] and [20, Theorem 1.6]. Case (C) is dealt with [15, Theorem
2.1] and [17]. (Observe that somewhat stricter and more detailed bounds can be
found in [21], but are redundant for our purposes.) 
2.2. The case |g| = 2. In this subsection we consider the case |g| = 2, which yields
a significant part of the examples in which almost cyclic elements do occur.
Lemma 2.12. Let L be a finite simple classical group and let G = 〈L, g〉, where g ∈
AutL is an involution. Let φ be a faithful cross-characteristic projective irreducible
representation of G. Then φ(g) is almost cyclic if and only if one of the following
holds:
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(1a) G = PSL(2, 4), dimφ = 2, 3 and ℓ 6= 2;
(1b) G = PΣL(2, 4) and either dim φ = 4 and ℓ 6= 2, 5 or dimφ = 2, 3 and
ℓ = 5;
(2a) G = PSL(2, 5), dimφ = 2, 3 and ℓ 6= 5;
(2b) G = PGL(2, 5), dimφ = 4 and ℓ 6= 5;
(3) G = PSL(2, 7), dimφ = 3 and ℓ 6= 7;
(4a) G = PSL(2, 9), dimφ = 3 and ℓ 6= 2, 3;
(4b) G = PΣL(2, 9) and either dimφ = 5 and ℓ 6= 2, 3 or dimφ = 4 and ℓ = 2;
(5) G = PSL(3, 2) and either dim φ = 3 and ℓ 6= 2 or dimφ = 2 and ℓ = 7;
(6) G = PΣL(3, 4), dimφ = 4 and ℓ = 3;
(7) G = PSL(4, 2).2, dimφ = 7, ℓ 6= 2 and g yields a graph automorphism;
(8a) G = PSU(4, 2), dimφ = 4, 5 and ℓ 6= 2 (class 2a);
(8b) G = PΣU(4, 2) and either dim φ = 6 and ℓ 6= 2, 3 or dimφ = 5 and ℓ = 3;
(9) G = PSU(4, 3).22, dimφ = 6 and ℓ 6= 3;
(10a) G = PSp(4, 3) and either dimφ = 4 and ℓ 6= 3 (class 2a) or dimφ = 5 and
ℓ 6= 2, 3 (class 2a);
(10b) G = PSp(4, 3).2, dim φ = 6 and ℓ 6= 2, 3;
(11) G = PSp(6, 2), dimφ = 7 and ℓ 6= 2 (class 2a);
(12) G = PSO+(8, 2), dimφ = 8 and ℓ 6= 2.
Proof. (I) Suppose that φ(g) is almost cyclic. By Lemma 2.3, this implies that
(2.1) dimφ ≤ α(g)(|g| − 1) = α(g).
An upper bound for the value of α is given by Propositions 2.1 and 2.2, while a
lower bound for the value of dimφ is given in Lemma 2.10.
We deal first with the case where L = PSL(n, q).
Let L = PSL(2, q), with 7 ≤ q 6= 9. Then (2.1) yields q−1(q−1,2) ≤ 4, which holds
only if q = 7. If L ∈ {PSL(2, 4), PSL(2, 5)}, then dimφ ≥ 2 and α(g) = 3 if
g ∈ L, α(g) ≤ 4 otherwise. If L = PSL(2, 7), then dimφ ≥ 3 and α(g) = 3. If
L = PSL(2, 9), then dimφ ≥ 3 and α(g) = 3, unless g 6∈ L, in which case α(g) ≤ 5.
Let L = PSL(3, q), with q 6= 2, 4. In this case (2.1) yields q2 + q − 1 ≤ 4, which
is false. If L = PSL(3, 2), then dimφ ≥ 2 and α(g) = 3. If L = PSL(3, 4), then
dimφ ≥ 4 and α(g) = 3, unless g 6∈ L, in which case α(g) = 4.
Let L = PSL(4, q), with q ≥ 4. Then (2.1) yields q3 + q2 + q − 1 ≤ 6, which is
clearly impossible. If L = PSL(4, 2), then dimφ ≥ 7 and α(g) ≤ 6, unless g 6∈ L,
in which case α(g) ≤ 7. If L = PSL(4, 3), then dimφ ≥ 26, whence 26 ≤ 6.
Finally, let L = PSL(n, q), with n ≥ 5. Then (2.1) yields q
n−1
q−1 − 2 ≤ n, a
contradiction.
By the computations above, we readily get items (1a) to (7) of the statement.
Next, we deal with the case where L = PSU(n, q).
First, let L ∈ {PSU(3, q), PSU(4, q)}with q ≥ 4. Then (2.1) yields, respectively,
the inequalities q2 − q ≤ 3 and q3 − q2 + q − 1 ≤ 6, which are both false. If
L = PSU(3, 3), then (2.1) yields 6 ≤ 4. If L = PSU(4, 2), then dimφ ≥ 4 and
α(g) ≤ 6, whence 4 ≤ dimφ ≤ 6. If L = PSU(4, 3), then dimφ ≥ 6. Furthermore
α(g) ≤ 5, unless g 6∈ L, in which case α(g) ≤ 6.
Finally, let L = PSU(n, q) with n ≥ 5. Then (2.1) yields, respectively, the
inequalities q
n−1
q+1 ≤ n if n is even, and
qn−q
q+1 ≤ n if n is odd which are both false.
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As a result of the computations above, we readily get items (8a) and (9) of the
statement.
Now, let us deal with the case where L = PSp(2n, q).
Let n = 2 and q ≥ 4. Since α(g) ≤ 5 and dimφ ≥ 6, (2.1) gives a contradiction.
On the other hand, if L = PSp(4, 3), then dim φ ≥ 4 and α(g) ≤ 6, which gives
items (10a) and (10b) of the statement.
Next, let L = PSp(2n, q), with n > 2. Then α(g) ≤ 2n + 1, and hence, by
Lemma 2.10, (2.1) yields n = 3 and q = 2. In this case, L = G = PSp(6, 2),
dimφ ≥ 7 and α(g) ≤ 7, which gives item (11) of the statement.
Now, we deal with the orthogonal groups.
First, let L = Ω(2n + 1, q), with n ≥ 3, q odd and (n, q) 6= (3, 3). Then (2.1)
always yields a contradiction. If L = Ω(7, 3), then dimφ ≥ 27 and α(g) ≤ 7, again
a contradiction.
Next, let L = PΩ+(2n, q), where n ≥ 4 and (n, q) 6= (4, 2). Then α(g) ≤ 2n and
(2.1) yields a contradiction. If L = Ω+(8, 2), then dimφ ≥ 8 and α(g) = 8, whence
item (12) of the statement.
Finally, let L = PΩ−(2n, q), where n ≥ 4. Then, by Proposition 2.1 and Lemma
2.10, (2.1) always yields a contradiction (including the exceptional cases (n, q) ∈
{(4, 2), (4, 4), (5, 2), (5, 3)}.
(II) Conversely, in all the occurrences listed in the statement of the lemma (items
(1) to (12)), there actually exists at least one representation φ of G and a conjugacy
class of involutions g such that φ(g) is almost cyclic. These φ’s and these g can be
readily determined using [2], [22] and the GAP package. 
Remark 2.13. We observe that the statement of the previous lemma could also
be proven referring to the classification of linear groups generated by transvections
in characteristic 2 and the classifications of linear groups generated by reflections
in odd characteristic (as given in [34], [27], [35] and [39]). However, our approach
in the proof is more elementary, direct, and coherent with the rest of the paper.
Remark 2.14. The above lemma does not deal with the group Sp(4, 2), which is
not simple. Indeed, Sp(4, 2) ∼= S6. However Sp(4, 2)
′ ∼= A6 is obviously simple. Set
L = Sp(4, 2)′ and let G = 〈L, g〉, where g ∈ AutL is an involution. Let φ be a
faithful cross-characteristic projective irreducible representation of G. Then direct
inspection shows that φ(g) is almost cyclic if and only if one of the following occurs:
(1) m = 3, G = Sp(4, 2)′ and charF 6= 2;
(2) m = 3, G = Sp(4, 2)′.22 and charF = 3;
(3) m = 4, G = Sp(4, 2), and charF = 3 (recall that Sp(4, 2)′ ∼= Ω−(4, 3));
(4) m = 5, G = Sp(4, 2), and charF 6= 2, 3.
3. Maximum order of a p-element in AutL
Let L be one of the following groups: PSL(n, q), n > 1 with (n, q) 6= (2, 2), (2, 3);
PSU(n, q), n > 2 with (n, q) 6= (3, 2); PSp(2n, q), n > 1. So L is simple. Let r be
a prime, and q = rα.
Recall that every automorphism of L is a product of inner, diagonal, field and
graph automorphisms. Let Ad be the subgroup of AutL generated by all inner and
diagonal automorphisms. It is well-known that Ad is normal in AutL. Moreover,
Ad ∼= PGL(n, q) or PU(n, q) if L = PSL(n, q) or PSU(n, q), respectively. Thus,
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|Ad/L| = (q − 1, n) if L = PSL(n, q), and (q + 1, n) if L = PSU(n, q). If L =
PSp(2n, q), then Ad ∼= PCSp(2n, q). Thus, |Ad : L| = 2 for q odd, and Ad = L for q
even. The group AutL/Ad is abelian. Set Φ = Gal(Fq/Fr) and Φ2 = Gal(Fq2/Fr).
If L = PSL(n, q), then AutL/Ad ∼= C2 × Φ, where C2 is the cyclic group of order
2. If L = PSU(n, q), then AutL/Ad ∼= Gal(Fq2/Fr) = Φ2. If L = PSp(2n, q),
n > 2, or n = 2 for q odd, then AutL/Ad ∼= Φ. The case L = PSp(4, q) with q even
is more complex. In [28, Theorem 28] an automorphism φ of Sp(4, q), q even, is
constructed, such that φ2 is a generator of Φ. It follows that AutSp(4, q)/Sp(4, q)
is a cyclic group of order 2|Φ| ∼= Φ2. So, if g ∈ AutL is a 2-element and |Φ|2 = 2
m,
then g2
m+1
∈ L. See [25, Table 5.1.A] for details.
Let p be a prime. For any positive integer m, if p does not divide m, then
e = ep(m) is defined to be the minimum integer i > 0 such that p divides m
i − 1 if
p > 2. If p = 2, then e2(m) defined to be 1 if 4 | (m− 1) and 2 if 4 | (m+ 1). Note
that e ≥ 1, and if e > 1, then e < m
e−1
m−1 .
Lemma 3.1. Let p be a prime.
(1) ep(q) = ep(q
pk). In particular: if |F×
qpk
|p > 1, then |F
×
q |p > 1.
(2) Suppose that p | (q − 1) if p > 2, and 4 | (q − 1) otherwise. Let k > 0 be an
integer. Then |F×
qpk
|p = p
k · |F×q |p, equivalently, |q
pk − 1|p = p
k|q − 1|p.
Proof. Fermat’s little theorem states that p divides np − n for any integer n, and
hence p | (n−1) if and only if p | (np−1). So p | (qi−1) if and only if p | ((qp
k
)i−1),
whence (1). For (2), see [9, Lemma 7.5]. 
Recall that, for a group X we denote by ηp(X) the exponent of a Sylow p-
subgroup of X . The following lemma is well known. We give a proof for the
reader’s convenience.
Lemma 3.2. Let G = GL(n, q), p a prime dividing |G|, (p, q) = 1.
(1) If e = ep(q), then ηp(G) = p
l · |qe−1|p, where l is such that p
le ≤ n < pl+1e.
(2) Let H = PGL(n, q). Then ηp(H) = ηp(G), unless p divides q − 1 and n
is a p-power. In the latter case ηp(H) = ηp(G)/p; furthermore, ηp(H) =
ηp(GL(n/p, q)), unless n = p = 2 and 4 | (q + 1).
Proof. (1) Set a = epl. Then G contains a subgroup isomorphic to GL(a, q). The
latter contains a subgroup isomorphic to F×qa (a Singer subgroup). By Lemma 3.1,
F×qa has an element of order p
l|qe − 1|p, so the bound is attained. Conversely, let
g ∈ G be a p-element of maximal order, and let V be the natural FqG-module. Let
W be an irreducible Fq〈g〉-submodule of V . By Maschke’s theorem, V =W ⊕W
′,
where gW ′ = W ′. Let gW be the projection of g into GL(W ). It follows that we
can choose W so that |g| = |gW |. Denote by E the enveloping algebra of gW in
End(W ), that is the vector space formed by all matrices of shape
∑
ai(gW )
i, with
ai ∈ Fq. Then E is a field (by Schur’s lemma). By definition of e, Fqe = Fq(α),
where α ∈ Fqe and |α| = p. Therefore, Fqe ⊆ E. As E is obtained by adding
to Fqe of a p-power root of unity, by Galois theory it follows that |E : Fqe | is a
p-power (see for instance [9, Lemma 7.5]). Let |E : Fqe | = p
k. Then |E : Fq| = ep
k.
By Lemma 3.1, |E×|p = p
k|qe − 1|p, so |g| = |gW | ≤ p
k|qe − 1|p. Note that
n ≥ dimW = |E : Fq| = p
ke, so pk ≤ pl, whence |g| ≤ pl|qe − 1|, as required.
(2) If p is coprime to q − 1, then |Z(G)|p = 1, whence the claim. Let p | (q − 1)
and pt ≤ n < pt+1. Then, by (1), ηp(G) = ηp(GL(p
t, q)). If n > pt, then H contains
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a subgroup isomorphic to GL(pt, q), whence the result. So, assume that n = pt.
Let h ∈ H be such that |h| = ηp(H), and let g ∈ G be a p-element whose projection
into H is h. If g is irreducible in G, then |g| divides qp
t
− 1 and gp
t
is a non-
trivial element of Z(G), by Lemma 3.1(2). It follows that |h| = pt. On the other
hand, H contains a subgroup isomorphic to GL(pt−1, q), and ηp(GL(p
t−1, q)) =
|q − 1|pp
t−1 ≥ pt ≥ |h|. So we are left with the case when g is reducible in G.
In this case, we choose an irreducible constituent of g in GL(pt−1, q). Arguing as
above, we may assume that the dimension of this constituent is a p-power. Hence
|g| ≤ ηp(GL(n/p, q)) ≤ ηp(H) = |h|. As |h| ≤ |g|, equality holds. If e = 1, then
the result follows by (1). If e > 1, then by definition of e, p = 2 (as p divides
(q − 1)) and 4 | (q + 1). If n > 2, then again (1) implies the result. If n = 2 then
|Z(G)|2 = 2 = |GL(1, q)|2; however, η2(H) = η2(G)/2. 
Corollary 3.3. Let q = q20 be odd. Then η2(GL(n, q)) = 2η2(GL(n, q0)).
Proof. Suppose first that n = 2t, t > 0. By assumption 4 divides q − 1, and
by Lemma 3.2 η2(GLn(q)) = 2
t|q − 1|2. If 4 divides q0 − 1, then η2(GLn(q0)) =
2t|q0−1|2, whereas if 4 divides q0+1, then η2(GLn(q0)) = 2
t|q0+1|2. As |q
2
0−1|2 =
2|q0 − 1|2 in the former case and |q
2
0 − 1|2 = 2|q0 + 1|2 in the latter case, the result
follows. If 2t+1 > n > 2t, then η2(GLn(q)) = η2(GL2t(q)) = 2η2(GL2t(q0)) =
2η2(GLn(q0)), whence the statement. 
Lemma 3.4. Let p be an odd prime and n > 1. Let G = SL(n, q), with p | (q − 1)
or G = SU(n, q), with p | (q + 1). Then G has no irreducible p-element.
Proof. Suppose the contrary, and let g ∈ G be an irreducible p-element. Assume
first that G = SL(n, q). Then n is a p-power. Indeed (e.g. see the proof of item
(1) in Lemma 3.2), the degree of an irreducible Fq〈g〉-module is a p-power. So,
assume that n = pr for some r > 0. Let E be the enveloping algebra of g. As
seen in the proof of item (1) of Lemma 3.2, g irreducible implies that E is a field
isomorphic to Fqpr . Let T = E ∩GL(n, q). Then T is a cyclic group isomorphic to
GL(1, qr) ∼= F×qpr . It is well-known that the mapping x 7→ detx for x ∈ T yields a
surjective mapping T → GL(1, q). In particular, there is a p-element y ∈ T such
that det y 6= 1. As the group T is cyclic, we can choose y to be a generator of a
Sylow p-subgroup of T . Thus g = ym for some m > 0. In addition, p divides m,
as otherwise y would be a power of g, which is false, since det g = 1. By Lemma
3.1(2), g ∈ F×
qpr−1
⊂ F×
qpr
. As F×
qpr−1
is reducible, we get a contradiction.
Now, let G = SU(n, q), with p | (q + 1). Then g remains irreducible as an
element of GL(n, q2) and SU(n, q) ⊂ SL(n, q2). So the result follows from that for
SL(n, q2). 
Lemma 3.5. Let q = qp
k
0 , k > 0, and G = G(q) ∈ {GL(n, q), SL(n, q), U(n, q),
SU(n, q), Sp(2n, q), Ω(2n+1, q), Ω±(2n, q)}. Let Ψ be the group of field automor-
phisms of G of order pk, p > 2, and set H = G ·Ψ. Then the following holds:
(1) ηp(H) = max{p
(k−i)ηp(G(q
pi
0 )) : 0 ≤ i ≤ k};
(2) If p | q, then ηp(H) = p
k · ηp(G);
(3) If p ∤ q, then ηp(H) = ηp(G);
(4) Item (3) remains true for the simple non-abelian composition factor L of
G and the group H = L ·Ψ.
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Proof. (1) The statement follows from [40, Corollary 14] and its immediate gener-
alization to any G(q) as remarked in [33], taking into account the well known fact
that, as p is odd, G(q0) ⊆ G(q
p
0) (see [25, Table 4.5A]).
(2) The statement follows from (1) and the known fact that ηp(G(q
pi
0 )) = ηp(G(q0))
for i = 1, . . . , k. E.g., for an even stronger statement, [32, Lemma 2.32].
(3) The statement follows from [33, Lemma 3.10].
(4) It is well known that L contains a subgroup isomorphic to a Sylow p-subgroup
of G, unless n is a p-power, L = PSL(n, q) and p divides (n, q − 1) or L =
PSU(n, q) and p divides (n, q + 1). Let us consider the exceptional cases. By
Lemma 3.4, every p-element of SL(n, q) and SU(n, q) is reducible. It follows
that ηp(SL(n, q)) ≤ ηp(GL(n/p, q)) and ηp(SU(n, q)) ≤ ηp(U(n/p, q)). More-
over, there is an embedding j : GL(n/p, q) → SL(n, q) such that j(GL(n/p, q))
contains no scalar matrix (except the identity), which in turn yields an embed-
ding j : GL(n/p, q) → PSL(n, q). Thus ηp(PSL(n, q)) = ηp(GL(n/p, q)) =
ηp(SL(n, q)). Similarly, we have ηp(PSU(n, q)) = ηp(U(n/p, q)) = ηp(SU(n, q)).
By (3), ηp(Φ ·L) = ηp(Φ ·SL(n, q)) = ηp(SL(n, q)) = ηp(L) for L = PSL(n, q), and
similarly for L = PSU(n, q). 
Lemma 3.6. Let q = q2
k
0 , k > 0, q odd, and G = G(q) ∈ {GL(n, q), SL(n, q),
PSL(n, q)}. Let Ψ be the group of field automorphisms of G of order 2k, and set
H = G ·Ψ. Then η2(H) = η2(G).
Proof. By [40, Corollary 14], η2(H) = max{2
(k−i)η2(G(q
2i
0 )) : 0 ≤ i ≤ k}. For
G = GL(n, q), the statement then follows by iterated application of Corollary 3.3.
Otherwise, the argument used to prove item (4) of Lemma 3.5 remains valid for
p = 2. (As k > 0, Lemma 3.4 remains valid for n = p = 2.) So η2(PSL(n, q)) =
η2(GL(n/2, q)) = η2(SL(n, q)). Again by Corollary 3.3, we get η2(GL(n/2, q)) =
2k−iη2(GL(n/2, q
2i
0 )) for every i. It follows that η2(H) = η2(GL(n/2, q)) = η2(G),
as claimed. 
Lemma 3.7. Let G = GL(n, q), q odd.
(1) Suppose that 2t ≤ n < 2t+1. Then η2(G) = 2
t|q − 1|2 if 4 | (q − 1) and
2t|q + 1|2 if 4 | (q + 1).
(2) Let Y = 〈G, y〉 be a group, such that G is normal in Y and y2 = 1. Then
η2(Y ) = η2(G).
Proof. (1) By Lemma 3.2, η2(G) = |q
e−1|22
l, where 2le ≤ n < 2l+1e. If e = 1, then
t = l, and the statement follows. Let e = 2. Then |q2−1|2 = |q−1|2|q+1|2 = 2|q+1|2
and 2l+1 ≤ n < 2l+2. So l = t− 1, whence the statement.
(2) Let X be the subgroup of index 2 of G, that is, the subgroup consisting of
the elements of G whose determinate is a square. Then X is normal in Y , and
η2(X) < η2(G) (indeed, if a is a generator of a Singer cycle of G, then 〈det a〉 =
F×q ). Now, let m ∈ Y −G be a 2-element. Write m = gy, where g ∈ G. Then
m2 = gygy−1 ∈ G. Since |G/X | = 2 and X is normal in Y , g and ygy−1 are in the
same coset of G/X , and hence the product gygy−1 ∈ X . It follows that m2 ∈ X ,
whence the statement, as η2(X) < η2(G). 
Remark. Statement (2) and the proof of it remain valid for H = U(n, q), q odd.
Lemma 3.8. Let q be odd. If H ∈ {CSp(2n, q), O±(2n, q), SO(2n + 1, q)}, set
G = H · Φ. If H = U(n, q), set G = U(n, q) · Φ2. Then η2(G) ≤ 2 · η2(GL(n, q)).
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Proof. By Lemma 3.2, η2(GL(2n + 1, q)) = η2(GL(2n, q)) = 2η2(GL(n, q)). Let
H = CSp(2n, q) orO±(2n, q). ThenG ⊆ GL(2n, q)·Φ, so η2(G) ≤ η2(GL(2n, q)·Φ).
By Lemma 3.5, η2(GL(2n, q) ·Φ) = η2(GL(2n, q)). So the result follows. Similarly,
if H = SO(2n+ 1, q), then G ⊆ GL(2n+ 1, q) · Φ, and the same argument works.
Finally, let H = U(n, q) and G = H · Φ2. Then G ⊆ GL(n, q
2) · Φ2, and
η2(GL(n, q
2)·Φ2) = η2(GL(n, q
2)), by Lemma 3.5. So the claim follows by Corollary
3.3. 
4. The groups PSL(2, q)
In this section we deal with the groups L = PSL(2, q).
Set G = 〈L, g〉, where 1 6= g ∈ AutL is a p-element, for some prime p. Note that
here we may assume g2 6= 1 in view of Lemma 2.12 and g ∈ (G \PGL(2, q)), as the
case g ∈ PGL(2, q) is settled in [8]. Furthermore, recall that L = PSL(2, q) has
no graph automorphism, and therefore AutL/PGL(2, q) ∼= Gal(Fq/Fr). As above,
let Φ = Gal(Fq/Fr) and p
m = |Φ|p. In addition, define q0 by setting q
pm
0 = q. As
g /∈ PGL2(q), we have m > 0, i.e. q 6= q0. Finally, recall that ηp(G) denotes the
exponent of a Sylow p-subgroup of G.
Our aim is to prove the following:
Theorem 4.1. Let L = PSL(2, q), q ≥ 4, and let G = 〈L, g〉, where 1 6= g ∈ AutL
is a p-element, for some prime p and g 6∈ PGL(2, q). Let φ be a faithful cross-
characteristic irreducible projective F -representation of G. Suppose that g2 6= 1.
Then φ(g) is not almost cyclic unless one of the following holds:
(1) p = 3, q = 8, |g| = 9, and dimφ = 7, 8 if ℓ 6= 3, whereas dimφ = 7 if ℓ = 3.
(2) p = 2, q = 4, |g| = 4 and either ℓ 6= 3, 5 and dimφ = 5, or ℓ = 3 and
dim φ = 4, or ℓ = 5 and dimφ = 2, 3, 5.
(3) p = 2, q = 9 and one of the following holds (using the notation of [2]):
(i) If ℓ 6= 2, 5, then
(a) G = L.21 = PΣL(2, 9), |g| = 4 and dimφ = 4, 5;
(b) G = L.22 = PGL(2, 9), |g| = 8 and dimφ = 6, 8, 9;
(c) G = L.23 =M10, |g| = 8 and dimφ = 6, 8, 9.
(ii) If ℓ = 2, then
(a) G = L.21 = PΣL(2, 9), |g| = 4 and dimφ = 4;
(b) G = L.22 = PGL(2, 9), |g| = 8 and dimφ = 8;
(c) G = L.23 =M10, |g| = 8 and dimφ = 8.
(iii) If ℓ = 5, then
(a) G = L.21 = PΣL(2, 9), |g| = 4 and dimφ = 4, 5;
(b) G = L.22 = PGL(2, 9), |g| = 8 and dimφ = 6, 8;
(c) G = L.23 =M10, |g| = 8 and dimφ = 8.
We first consider the case p > 2.
Lemma 4.2. Let L = PSL(2, q), q ≥ 4, and let G = 〈L, g〉, where 1 6= g ∈ AutL
is a p-element, for some odd prime p and g 6∈ PGL(2, q). If q 6= 8, then g is not
almost cyclic in any cross-characteristic projective irreducible F -representation φ
of G that is non-trivial on L. If G = AutPSL(2, 8) = L.3, then g is almost cyclic
if and only if |g| = 9, and dimφ = 7, 8 if ℓ 6= 3, whereas dimφ = 7 if ℓ = 3.
Proof. Let q = qp
m
0 . By Lemma 2.10(1), dimφ ≥ (q − 1)/2 = (q
pm
0 − 1)/2 if q is
odd, and dim φ ≥ q − 1 = qp
m
0 − 1 otherwise, unless q = 4, 9. However, for q = 4, 9
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L does not have field automorphisms of odd order, and hence these two cases are
ruled out by assumption.
Suppose first that p is coprime to |L|. Then p ≥ 5 and |g| ≤ pm. As, q 6= 4, 9,
by Proposition 2.2(1), 〈L, g〉 can be generated by 2 conjugates of g. Therefore, by
Lemma 2.3, it suffices to show that 2|g| < (q − 1)/2. For this it suffices to observe
that 4pm < qp
m
0 − 1, which is always true for p = 3, q0 = 2.
Now, suppose that p divides |L|. Assume first that p does not divide q.
Observe that |g| ≤ pm|L|p = p
m|q2 − 1|p = p
m|(q20)
pm − 1|p = p
m|q20 − 1|p (by
Lemma 3.1 (2)) ≤ pm(q0 + 1). As above, 〈L, g〉 can be generated by 2 conjugates
of g. Thus, it suffices to show that 2|g| < (q − 1)/2. We have 2(|g| − 1) ≤
2(pm(q0+1)−1) < 2p
m(q0+1) ≤ 3p
mq0 (as 2(q0+1) ≤ 3q0). Now, 3p
mq0 ≤ (q−1)/2
if and only if 6pmq0 + 1 ≤ q
pm
0 , which is true, for p odd, unless
a) pm = 3 and q0 = 2 (that is q = 8), or
b) pm = 3 and q0 = 3 (which contradicts the assumption (p, q) = 1), or
c) pm = 3 and q0 = 4 (in which case |g| ≤ 9 and, as q is even, the dimension
bound becomes dimφ = (64− 1) ≤ 2(9− 1), false), or
d) pm = 5 and q0 = 2 (against the assumption that p | |L|).
Case a) yields the last part of the statement of the lemma, using [2] and [22].
Indeed, the group G = AutPSL(2, 8) has irreducible representations of degree 7,8
over the complex numbers, in which the elements of order 9 are almost cyclic.
This implies that the elements of order 9 are almost cyclic in every irreducible
constituent of degree > 1 of a Brauer reduction of any of these representations
modulo any prime. If ℓ = 3, we only get constituents of degree 7, whereas, if ℓ = 7
these are of degree 7 and 8. (Note that the case of ℓ = 2 is irrelevant here, but will
appear for G = 2G2(3) ∼= SL(2, 8) · 3.)
Finally, suppose that p divides q. Then g is unipotent, and the result follows
from [7, Lemma 4.13]. 
Next, we consider the case p = 2: we start refining Lemma 3.5 to the case
n = p = 2.
Lemma 4.3. Let q be odd and set q = q2
m
0 , where q0 is defined as above and m > 0.
The following holds:
(1) η2(GL(2, q)) = 2
m+1|q0 − 1|2 if 4 | (q0 − 1), whereas η2(GL(2, q)) =
2m+1|q0 + 1|2 if 4 | (q0 + 1).
(2) Let H = GL(2, q) ·Φ, where Φ ∼= Gal(Fq/Fr) is the group of field automor-
phisms of GL(2, q). Then η2(H) = η2(GL(2, q)).
(3) Let L = PSL(2, q). Then η2(AutL) ≤ 2
m+1|q0 − (−1)
(q0−1)/2|2.
Proof. (1) Since q = q2
m
0 , 4 | (q − 1), and hence by Lemma 3.7(1) we have
η2(GL(2, q)) = 2|q − 1|2. Applying Lemma 3.1(2) to q
2
0 in both cases, we get:
η2(GL(2, q)) = 2|(q
2
0)
2m−1 − 1|2 = 2 · 2
m−1|q20 − 1|2 = 2
m|q20 − 1|2. Thus, if q0 = ±1
(mod 4), then η2(GL(2, q)) = 2
m+1|q0 ± 1|2.
(2) This is just the statement of Lemma 3.6 for the case n = 2.
(3) The statement follows from (1) and Lemma 3.6. 
Lemma 4.4. Let q = q2
m
0 , where q0 is non a square and m > 0. Suppose that g ∈
Aut(PSL(2, q)) is a 2-element, but not an involution. Let φ be a cross-characteristic
projective irreducible F -representation of G, non trivial on L. Then φ(g) is not
almost cyclic, unless possibly when q ∈ {4, 9, 16, 25, 49}.
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Proof. First, suppose that q > 9 is odd. By Lemma 4.3(3), η2(Aut(PSL(2, q))) ≤
2m+1|q0 ± 1|2 ≤ 2
m+1(q0 + 1). Suppose that g is almost cyclic. Then
q−1
2 ≤
dimφ ≤ α(g)(|g| − 1) by Lemma 2.3. Thus, as g2 6= 1, by Lemma 2.7
q2
m
0 −1
2 ≤
2(η2(Aut(PSL(2, q)))− 1) ≤ 2(2
m+1(q0+1)− 1) < 2
m+2(q0+1). Note that (q
2m
0 −
1) < 2m+3(q0+1) holds if and only if eitherm = 1 and q0 = 3, 5, 7, 9, 11, 13, orm = 2
and q0 = 3. Now, η2(PSL(2, 81)) = 16, but
81−1
2 ≤ (16− 1) is false. Similarly, we
can rule out q = 121 and q = 169, since η2(PSL(2, 121)) ≤ 2
2|11 + 1|2 = 16 and
η2(PSL(2, 169)) ≤ 2
2|13− 1|2 = 16. So, we are left with the cases q = 25, 49.
Next, suppose that q > 4 is even. Then dimφ ≥ q− 1 and clearly |g| ≤ 2m+1. If
g is almost cyclic, then q− 1 ≤ dimφ ≤ α(g)(|g| − 1). By Lemma 2.2(1), α(g) ≤ 4.
Thus, since g2 6= 1, q2
m
0 − 1 ≤ 4(2
m+1− 1) < 2m+3− 1. However, q2
m
0 < 2
m+3 holds
if and only if q0 = 2 and m = 1, 2, i.e. if and only if q = 4, 16. 
Proof of Theorem 4.1. Assume p odd. Then the statement follows by Lemma 4.2,
yielding item (1).
So, let p = 2. By Lemma 4.4, we are left with the possibly exceptional cases
where q ∈ {4, 9, 16, 25, 49}.
1) Suppose q = 4. Then |g| = 4, α(g) = 2, and using the packages GAP and
MAGMA we get item (2) of the statement.
2) Suppose q = 9. Then |g| = 4, 8 and α(g) = 2. If ℓ 6= 2, using the packages
GAP and MAGMA we get the results recorded in the statement, item (3). So,
suppose ℓ = 2. Assume first |g| = 4. Then φ(g) almost cyclic implies dim φ ≤ 6,
which in turn implies dimφ = 4, 6. If G = PΣL(2, 9), then G has a 2-modular
representation of degree 4 in which φ(g) is actually cyclic, whereas 3.G has a faithful
2-modular representation of degree 6 in which φ(g) is almost cyclic. There are no
other occurrences for |g| = 4. Next, assume that |g| = 8. Then φ(g) almost cyclic
implies dim φ ≤ 14. Then either G = PGL(2, 9) or G = M10. In the first case
there is a 2-modular representation of G of degree 8 in which φ(g) is almost cyclic,
and a faithful 2-modular representation of 3.G of degree 6 in which φ(g) is almost
cyclic. In the latter case, there is a 2-modular representation of G of degree 8 in
which φ(g) is almost cyclic, and two faithful 2-modular representations of 3.G of
degree 6 and 9 respectively, in which φ(g) is almost cyclic.
3) Suppose q = 16. Then |g| = 4, 8 and α(g) = 2. Since dim φ ≥ 15 and 15 ≤
2(8− 1) = 14, φ(g) cannot be almost cyclic. So this case is ruled out.
4) Suppose q = 25. Then |g| = 4, 8 and α(g) = 2. Since dim φ ≥ 12 and 12 ≤
2(4−1) = 6, we may assume |g| = 8, However, L.22 = PΣL(2, 25) does not contain
elements of order 8. So, we are left to consider the projective representations of
L.21 = PGL(2, 25) and of L.23. Making use of GAP we see that if ℓ 6= 2 φ(g) is
not almost cyclic. On the other hand, if ℓ = 2, then dimφ ≥ 24, and so φ(g) is not
almost cyclic. So this case is ruled out.
5) Suppose q = 49. Then |g| = 4, 8, 16 and α(g) = 2. Since dimφ ≥ 24 and
24 ≤ 2(8 − 1) = 14, we may assume |g| = 16. However, L.22 = PΣL(2, 49)
does not contain elements of order 16. So, we are left to consider the projective
representations of L.21 = PGL(2, 49) and of L.23. Making use of GAP we see that
if ℓ 6= 2, 3 φ(g) is not almost cyclic. On the other hand, if ℓ = 2, then dimφ ≥ 48,
and so φ(g) is not almost cyclic. So, also this last case is ruled out. 
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5. The groups PSL(n, q), n > 2; PSU(n, q), n > 2; PSp(2n, q), n > 1, q odd;
case (p, q) = 1
In this section we consider the simple groups L = PSL(n, q), n > 2, PSU(n, q),
n > 2 with (n, q) 6= (3, 2), PSp(2n, q), q odd, and assume that p is a prime such
that p ∤ q.
We start recording some arithmetical inequalities to be used when applying
Lemma 2.3.
Lemma 5.1. Let r be a prime, q = ra.
(1) Let n ≥ 5. Then q
n−1
q−1 − 2 > n(q − 1). Furthermore,
q3−1
q−1 − 2 > 4(q − 1)
and q
4−1
q−1 − 2 > 7(q − 1).
(2) Let n ≥ 3 and q odd. Then q
n−1
2 > 2n(q−1). Furthermore,
q2−1
2 > 6(q−1)
unless 3 ≤ q ≤ 11.
(3) Let n ≥ 5 be odd. Then q
n−q
q+1 > n(q − 1). Furthermore,
q3−q
q+1 > 4(q − 1),
unless q = 2, 3, 4.
(4) Let n ≥ 6 be even. Then q
n−1
q+1 > n(q − 1). Furthermore,
q4−1
q+1 > 6(q − 1),
unless q = 2.
Proof. Elementary straightforward computations. 
Lemma 5.2. Let L be one of the simple groups listed above. Let G = 〈g, L〉 ⊆
AutL, where g is a p-element. Let φ : G → PGL(m,F ) be a cross-characteristic
faithful irreducible projective representation of G, and suppose that p is coprime to
|L|. Then φ(g) is not almost cyclic.
Proof. Observe that if p is coprime to |L|, then p > 3, and hence |g| divides |Φ|. This
implies 2 < |g| < q− 1. Now, by Lemma 2.10, the minimum degree of a non-trivial
irreducible projective representation of L is not less than the number at the left hand
side of the items (1) to (4) of Lemma 5.1, unless (n, q) ∈ {(3, 2), (3, 4), (4, 2), (4, 3)}
in case (1), and (n, q) ∈ {(4, 2), (4, 3)} in case (4). However, all these exceptions
occur for q = r, that is |Φ| = 1, or q = 4, and therefore are irrelevant here. Similarly,
all the exceptions listed in cases (2), (3) and (4) of Lemma 5.1 are irrelevant here.
Furthermore, by Lemmas 2.1 and 2.2, G is can be generated by n conjugates of g
if L is not symplectic, and 2n conjugates of g in the symplectic case, with some
exceptions described there. Again, as 2 < |g| < q− 1, all those exceptions are ruled
out. By Lemma 5.1 and Lemma 2.3, it follows that φ(g) is not almost cyclic. 
In view of the previous lemma, we will assume henceforth that (p, |L|) > 1.
Now, let 1 6= g ∈ AutL be a p-element, set G = 〈L, g〉 and let φ be a cross-
characteristic projective irreducible representation of G that is non-trivial on L.
Observe that if the restriction of φ to L has a constituent which is not a Weil
representation of L, a lower bound of dimφ is provided by Lemma 2.11. On the
other hand, the occurrence of almost cyclic elements in the Weil representations of
the groups L listed above is thoroughly dealt with in our earlier paper [8]. There,
it is also shown that they extend to Ad. Now, suppose that g ∈ Ad \ L and φ
restricted to L decomposes into the sum of, say, t constituents which are all Weil
representations of L. By Clifford’s theorem these constituents are all g-conjugates.
However, they extend to Ad. Hence t = 1; in other words, φ itself is a Weil
representation of Ad, and is disposed of in [8]. In view of this, our main goal in this
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section will be to show that for every faithful irreducible projective F -representation
φ of G, such that the restriction of φ to L has a constituent which is not a Weil
representation of L, then φ(g) is not almost cyclic, except for a few exceptional
cases.
5.1. The case L = PSL(n, q), n > 2. Let L = PSL(n, q), n > 2, and let p be
a prime such that (p, q) = 1. Recall that e = ep(q) is defined to be the minimum
integer i > 0 such that p | qi− 1 if p > 2, whereas if p = 2, then e2(q) defined to be
1 if 4 | (q − 1) and 2 if 4 | (q + 1).
We will deal first with the case p 6= 2.
Lemma 5.3. Let L = PSL(n, q), where n ≥ 3. Furthermore, suppose that (n, q) 6∈
{(3, 2), (3, 4), (4, 2)}. Let 1 6= g ∈ Aut(L) be a p-element for some prime p > 2 and
set G = 〈L, g〉. Let φ be a cross-characteristic projective irreducible representation
of G that is non-trivial on L. If the restriction of φ to L has a constituent which
is not a Weil representation of L, then φ(g) is not almost cyclic.
Proof. Suppose that the restriction of φ to L has a constituent which is not a Weil
representation of L, and assume that φ(g) is almost cyclic. By [14, Theorem 2.16],
it is known that |g| ≤ q
n−1
q−1 . Furthermore, a lower bound for dimφ is provided by
θ+n (q) as defined in Lemma 2.11.
Assume first that n = 3 and q ≥ 5. Then α(g) ≤ 3 and dim φ ≥ (q−1)(q
2−1)
3 .
Thus, we obtain the bound (q− 1)(q2 − 1) ≤ 9(q2 + q), which only holds for q ≤ 9.
However, for q = 5, 8, 9, we can refine the previous bound to (q − 1)(q2 − 1) ≤
3(q2+ q), which yields a contradiction. Finally, if L = PSL(3, 3), then |g| ∈ {3, 13}
and dim φ ≥ 16. If |g| = 3, then α(g) ≤ 3, whereas if |g| = 13, then α(g) = 2. Thus
we readily get a contradiction for |g| = 3. Likewise, for |g| = 13, using the GAP
package we see that φ(g) is not almost cyclic.
Next, assume that n = 4 and q ≥ 4. In this case dimφ ≥ (q−1)(q
3−1)
2 , whence the
inequality (q−1)(q3−1) ≤ 8(q3+ q2+ q), which only holds for q ≤ 9. Furthermore,
if L = PSL(4, 3), then |g| ∈ {2, 3, 4, 5, 8, 9, 13} and dim φ ≥ 26. If |g| ≤ 4, then
α(g) ≤ 6, whereas, if |g| ≥ 5, then α(g) = 2. In all cases Lemma 2.3 yields a
contradiction.
Now, assume that n ≥ 5 and (n, q) 6= (6, 2), (6, 3). In this case, dimφ ≥
(qn−1−1)(qn−2−2q+1)
(q−1) , whence the inequality (q
n−1 − 1)(qn−2 − 2q + 1) ≤ n(qn − q),
which only holds for (n, q) 6= (5, 2). If L = PSL(5, 2), then |g| ∈ {3, 5, 7, 31} and
dimφ ≥ 75. If |g| ≥ 5, then α(g) = 2, whence 75 ≤ 2(31− 1) = 60, a contradiction;
if |g| = 3, then α(g) ≤ 3, yielding 75 ≤ 3(3− 1) = 6, a contradiction.
Next, suppose that L = PSL(6, 2). Then |g| ∈ {3, 5, 7, 9, 31} and dimφ ≥ 61.
If |g| ≥ 5, then α(g) = 2, whence 61 ≤ 2(31 − 1) = 60, a contradiction; if |g| = 3,
then α(g) ≤ 3, yielding 61 ≤ 3(3− 1) = 6, again a contradiction.
Now, let L = PSL(6, 3). Then |g| ∈ {5, 7, 11, 13, 121} and dimφ ≥ 362. If
|g| ≥ 11, then α(g) = 2, whence 362 ≤ 2(121 − 1) = 240, a contradiction; if
|g| = 5, 7, then α(g) ≤ 3, yielding 362 ≤ 3(7− 1) = 18, a contradiction.
We are left to examine the groups L listed in the table below. In each case, in
view of the data shown in the table, we conclude by Lemma 2.3 that φ(g) cannot
be almost cyclic.
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L |g| ≤ α(g) ≤ dimφ ≥
PSL(3, 7) 19 3 96
PSL(4, 4) 17 4 189
PSL(4, 5) 31 4 248
PSL(4, 7) 25 4 1026
PSL(4, 8) 73 4 3577
PSL(4, 9) 41 3 2912

Observe that the previous lemma allows g ∈ Ad. The next lemma deals with the
case when g /∈ Ad, with no restrictions on φ.
Lemma 5.4. Let L = PSL(n, q), where with n > 2, and let p > 2 be such that p
divides |L| and (p, q) = 1. Let 1 6= g ∈ AutL be a p-element and let G = 〈g, L〉.
Suppose that |Φ|p = p
m > 1 (or equivalently, as p is odd, g /∈ Ad). Then n|g| <
qn−1
q−1 −2, and g is not almost cyclic in any cross-characteristic projective irreducible
representation of G that is non-trivial on L.
Proof. Let H = GL(n, q). As p > 2, g ∈ (H · Φ)/Z(H) ⊆ AutL. By Lemmas
3.2 and 3.5, |g| ≤ ηp(H) = p
t|qe − 1|p ≤
n
e (q
e − 1), where pte ≤ n < pt+1e. The
assumption |Φ|p ≥ 1 implies q ≥ 8, and hence
qn−1
q−1 − 2 is the minimum degree
of a non-trivial cross-characteristic projective irreducible representation of L (see
Lemma 2.10). Notice that if e < n2 , then
n2
e (q
e − 1) < q
n−1
q−1 − 2. Therefore the
statement is proven for n > 2e.
Next, suppose that n ≤ 2e, and observe that the assumption n > 2 implies e > 1.
Since pte ≤ n ≤ 2e and p > 2, it follows that pt = 1. Let q1 be such that q
pm
1 = q
e.
By Lemma 3.1, we get |qe − 1|p = p
m|q1 − 1|p, whence |g| ≤ ηp(H) ≤ p
m(q1 − 1).
We need to show that npm(q1 − 1) <
qn−1
q−1 − 2, and for this it is enough to show
that npm(q1 − 1) < q
n−1 + qn−2 − 2. Since e ≤ n and e < p (note that p is
a Zsigmondy prime for the pair (q, e)), it suffices to show that 2pm+1(q1 − 1) <
qe−1 + qe−2 − 2 = qp
m−1
1 + q
pm−2
1 − 2. This is true except when m = 1 and either
p = 3 or (p, q1) ∈ {(5, 2), (7, 2)} If p = 5, 7 and q1 = 2, then q
e = 25, 27, whence
q = 2 and e = p, a contradiction, as e < p. If p = 3, then 2 ≤ e < p yields
e = 2. Thus, we are left to consider the cases q2 = q31 and n = 3, 4. Notice that
12(q1−1) < q
3
1+5. It follows that, for n = 3, the inequality np
m(q1−1) <
qn−1
q−1 −2
reduces to 9(q1−1) < q
2+q−1, and in fact 9(q1−1) < 12(q1−1) < q
3
1+5 ≤ q
2+q−1,
as q ≥ 8. For n = 4, the same inequality reduces to 12(q1 − 1) < q
3 + q2 + q − 1.
Which is true, since 12(q1− 1) < q
3
1 +5 < q
3 + q2 + q− 1. This ends the proof. 
Now we turn to the case p = 2.
Lemma 5.5. Let L = PSL(n, q), with n > 2 and q odd. Let g ∈ AutL be a
2-element such that g2 6= 1, and let G = 〈g, L〉. Then g is not almost cyclic in any
cross-characteristic projective irreducible representation of G that is non-trivial on
L.
Proof. LetH = GL(n, q), and let Γ be the group generated by the inverse-transpose
automorphism of H . Clearly |Γ| = 2. Then (H · Φ · Γ)/Z(H) ∼= AutL, and
therefore it suffices to prove the statement for H ·Φ ·Γ in place of AutL. Obviously,
η2(H · Φ · Γ) ≤ 2η2(H · Φ). By Lemma 3.6, η2(H · Φ) = η2(H). Let m ≥ 0 such
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that q = q2
m
0 , where q0 is not a square. By Corollary 3.3 and Lemma 3.7 we get
η2(H) = 2
mη2(GL(n, q0)) ≤ 2
m+t(q0 + 1), where t is such that 2
t ≤ n < 2t+1
(notice that t ≥ 1 as n > 2). Hence, we have η2(H · Φ · Γ) ≤ 2
m+t+1(q0 + 1).
We now show that if n ≥ 5 and (n, q) 6= (5, 3), then n · 2m+t+1(q0 +1) <
qn−1
q−1 −
2. Under these restrictions, the statement of the lemma follows, by Proposition
2.1 and Lemmas 2.3 and 2.10. Clearly, n · 2m+t+1 ≤ 2m+2t+2 and q
n−1
q−1 − 2 ≥
qn−1 + qn−2 − 1 ≥ q2
t−1 + q2
t−2 − 1, so it suffices to prove that 2m+2t+2(q0 + 1) <
q2
m+t−2m
0 + q
2m+t−2m+1
0 − 1. Direct computation shows that this is true except
when (m, t) = (0, 2) and q0 ≤ 7. So, suppose that m = 0 and t = 2: we have to
prove that 8n(q0 + 1) <
qn0 −1
q0−1
− 2 for n = 5, 6, 7. This is clearly true except when
(n, q0) = (5, 3).
Now, suppose that n = 3. In this case the statement will be proven if we show
that 2m+4(q0 + 1) < q
2m+1
0 + q
2m
0 − 1. Computation shows that this is true except
when either m = 0 and q0 ≤ 13 or (m, q0) = (1, 3).
Next, suppose that n = 4. For q 6= 3, the statement will be proven once we show
that
(5.1) 6 · 2m+3(q0 + 1) < q
3·2m
0 + q
2m+1
0 + q
2m
0 − 1.
Now, if m ≥ 3, then 6 · 2m+3 < 33·2
m−1 and 6 · 2m+3 < 32
m+1
. Direct computation
for m ≤ 2 shows that (5.1) holds except for m = 0 and q0 = 3, 5.
We finally deal with the exceptions arisen above. Let φ be a cross-characteristic
projective irreducible representation of G non-trivial on L. In the cases listed in
the following table we easily get a contradiction by Lemma 2.3:
L η2(L) = dim φ ≥
PSL(3, 5) 8 29
PSL(3, 9) 16 89
PSL(3, 11) 8 131
PSL(3, 13) 8 181
PSL(4, 5) 8 154
PSL(5, 3) 16 119
Thus, we are left with the cases where L = PSL(3, 3), PSL(3, 7) and PSL(4, 3).
If L = PSL(3, 3), then η2(L) = 8 and dimφ ≥ 11. Using GAP we see that if
|g| = 4, then α(g) = 2, and hence we get 11 ≤ 2(4 − 1) = 6, a contradiction. If
|g| = 8, we are left to consider the case 11 ≤ dim φ ≤ 14. Again using GAP, we see
that φ(g) is not almost cyclic.
If L = PSL(3, 7), then η2(L) = 16 and dimφ ≥ 55. Using GAP, we see that
for any 2-element g such that g2 6= 1 we have α(g) = 2, and hence, since 55 ≥
2(16− 1) = 30, φ(g) is not almost cyclic.
Finally, if L = PSL(4, 3), then η2(L) = 8 and dim φ ≥ 26. If |g| = 8, then we
see that α(g) = 2, whence 26 ≥ 2(8− 1) = 14, and hence φ(g) is not almost cyclic.
If |g| = 4, then α(g) ≤ 3, whence 26 ≥ 3(4 − 1) = 9, and hence φ(g) is not almost
cyclic.
This ends the proof. 
5.2. The case L = PSU(n, q), n > 2. Let L = PSU(n, q), n > 2, and let p
be a prime such that (p, q) = 1 and p divides |L|. Let Φ = Gal(Fq/Fr), and
set pm = |Φ|p. Thus p
m < rp
m
≤ q. Let g ∈ AutL be a p-element and set
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G = 〈L, g〉. Recall that, by Proposition 2.1 and Proposition 2.2, 〈L, g〉 is generated
by n conjugates of g. Finally, we set Φ2 = Gal(Fq2/Fr), so that AutL = Ad · Φ2.
Lemma 5.6. Let p > 2,m > 0 and e 6= 2 (mod 4). Let 1 6= g ∈ AutL be a
p-element. Set G = 〈L, g〉. Then n|g| < (qn − q)/(q + 1) if n is odd, n|g| <
(qn−1)/(q+1) if n is even, and φ(g) is not almost cyclic in any cross-characteristic
irreducible projective representation φ of G non-trivial on L.
Proof. Let H = U(n, q). As e = ep(q) 6= 2, p is coprime to q + 1 = |Z(H)|. It
follows that |Ad/L| is coprime to p. So (H · Φ2)/Z(H) ⊆ AutL contains a Sylow
p-subgroup of AutL.
It is known (see for instance [19, Lemma 3.5]), that H contains a subgroup
isomorphic to H1 := GL[n/2](q
2), where [n/2] is the integral part of n/2, and
|H : GL[n/2](q)| is coprime to p. Moreover, H1 can be chosen to be invariant under
Φ2, and therefore H1 · Φ2 contains a Sylow p-subgroup of H · Φ2. So, by Lemma
3.5, |g| ≤ ηp(H1). Set l = [n/2] (that is, l = n/2 if n is even, l = (n − 1)/2 if n is
odd). As p > 2, we have |Φ|p = |Φ2|p > 1; in particular, q ≥ r
p ≥ 8.
Note that |q2e−1|p = |q
e−1|p if e is odd, and ep(q
2) = ep(q)/2 if e is even. So in
both cases |(q2)ep(q
2)−1|p = |q
e−1|p. Therefore, by Lemma 3.2, |g| ≤ [n/2]·|q
e−1|p,
whence |g| ≤ [n/2] · |qe − 1|p ≤ l(q
l − 1) (since e ≤ l).
Suppose first that n is even. In order to prove the statement, by Propositions
2.1 and 2.2, Lemma 2.3 and Lemma 2.10, it will be enough to show that n|g| <
(qn − 1)/(q + 1). For this purpose, it suffices to show that (2l) · l · (q + 1) < ql + 1.
This is true if l > 2, unless l = 3, q ≤ 4; l = 4, q ≤ 3; 5 ≤ l ≤ 8, q = 2. However,
all these exceptions are ruled out, since q ≥ ℓp. Next, suppose that l = 2, so that
n = 4 and e = 1, that is, p | (q − 1). Then 8(q + 1) < q2 + 1, unless q ≤ 8. As
q ≥ rp, this forces q = 8. However, as p | (q − 1), this in turn implies p = 7, a
contradiction.
Now, suppose that n is odd. In this case, it will be enough to show that n|g| <
(qn− q)/(q+1). For this purpose, it suffices to show that (2l+1) · l · (q+1) < ql+1
(since qn−1 < qn − q). This is true if l > 2, unless l = 3, q ≤ 5; l = 4, q ≤ 3;
5 ≤ l ≤ 9, q = 2. However, all these exceptions are ruled out, since q ≥ ℓp. If l = 2,
that is, n = 5, we have 10(q2− 1) < (q5 − q)/(q+1), unless q ≤ 3. If l = 1, that is,
n = 3, |g| ≤ (q − 1) and the inequality 3(q − 1) < q(q − 1) holds unless q ≤ 3. As
q ≥ 8, we are done. 
Lemma 5.7. Let L = PSU(n, q), with n > 2. Let 1 6= g ∈ AutL be a p-element,
for some prime p > 2 such that ep(q) ≡ 2 (mod 4), and let G = 〈g, L〉. Then g is
not almost cyclic in any cross-characteristic projective irreducible representation of
G that is non-trivial on L, unless n > 3 and |Φ2|p = 1 (equivalently, g ∈ Ad).
Proof. First of all, we observe that, by Lemmas 3.2 and 3.5, |g| ≤ ηp(GL(n, q
2) ·
Φ2) = ηp(GL(n, q
2)) = pt|(q2)e
′
− 1|p, where e
′ = ep(q
2) and pte′ ≤ n < pt+1e′. By
the definition of e, e = 2e′ and, since e is even, we obtain that |g| ≤ pt|qe − 1|p =
pt|qe/2 + 1|p.
Assume first that n = 3. Then ep(q) = 2, that is, p divides q + 1. By Lemma
2.10 (3), dimφ ≥ q2 − q. Thus, the statement will be proven once we show that
3|g| ≤ q2 − q (see Proposition 2.2(3)). Since p | (q + 1), we have e = 2, whence
|g| ≤ pt|q2 − 1|p = p
t|q + 1|p ≤ p
t(q + 1). If p > 3, then q ≥ 9; moreover,
pt ≤ 3 < pt+1 implies pt = 1. It follows that 3|g| ≤ 3(q + 1) ≤ q2 − q, and we
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are done. If p = 3, then pt ≤ 3 < pt+1 yields pt = 3 and |g| ≤ 3(q + 1). Now,
3|g| ≤ 9(q+1) ≤ q2−q if q ≥ 11; thus we are only left to examine the cases q = 5, 8.
If q = 5, then |g| = 3 and 3 ·3 ≤ 52−5; if q = 8, then |g| ≤ 9 and again 3 ·9 ≤ 82−8,
as required.
Next, assume that n > 3. In this case, we will show that n|g| ≤ q
n−(−1)n
q+1 − 1.
Let us write q = qp
m
0 , where p
m = |Φ|p. Then, by Lemma 3.1, |g| ≤ p
t+m|q
e/2
0 +
1|p ≤ p
t+m(q
e/2
0 + 1) ≤ np
m(q
e/2
0 + 1) ≤ np
m(q
p−1
2
0 + 1) (since e < p).
If m ≥ 1 and (n, q) 6= (4, 8), (5, 8), then n2pm(q
p−1
2
0 + 1) + 1 ≤ q
⌊n
2
⌋pm
0 . Hence
(n|g|+1)(q+1) ≤ q
⌊n
2
⌋pm
0 (q
pm
0 +1) ≤ q
npm
0 − 2, whence n|g| ≤
qn−(−1)n
q+1 − 1. If L ∈
{PSU(4, 8), PSU(5, 8)}, then p = 3, e = 2 and t = 1, whence |g| ≤ 3 · |8+1|3 = 27.
Since 4 · 27 ≤ 454 = 8
4−1
8+1 − 1 and 5 · 27 ≤ 3640 =
85+1
8+1 − 1, we are done. 
Lemma 5.8. Let L = PSU(n, q), with n > 2 and q odd. Let g ∈ AutL, g /∈ Ad, be
a 2-element such that g2 6= 1, and set G = 〈g, L〉. Suppose (n, q) 6∈ {(3, 3), (4, 3)}.
Then g is not almost cyclic in any cross-characteristic projective irreducible repre-
sentation of G that is non-trivial on L.
Proof. Set H = U(n, q), H1 = GL(n, q
2) and q = qp
m
0 , where p
m = |Φ|p. We
will show that α(g)η2(G) < dimφ for every cross-characteristic projective irre-
ducible representation φ of G non-trivial on L, whence the statement by Lemma
2.3. Clearly, we may replace G with H ·Φ2. By Lemmas 3.6 and 3.7, η2(H1 ·Φ2) =
η2(H1) = 2
t|q2 − 1|2, where 2
t ≤ n < 2t+1. Since H ≤ H1, it follows that
η2(H) ≤ 2
t|q2 − 1|2 ≤ 2n(q + 1).
Suppose that n ≥ 5. Then, by Proposition 2.1, α(g) ≤ n and by Lemma 2.10
dimφ ≥ q
n−q
q+1 . Now, if either n ≥ 7 or n = 5, 6 and q ≥ 5, we have 2n
2(q + 1) <
qn−q
q+1 , and we are done. If (n, q) = (6, 3), then we find that η2(H1) = 16 and
dimφ ≥ 182, and we are done. If (n, q) = (5, 3), then, again using the GAP
package, we find that η2(G) = 16 and moreover, α(g) ≤ 5 if |g| = 4, α(g) ≤ 3 if
|g| = 8 and α(g) = 2 if |g| = 16. Now, dimφ ≥ 60. However, 5 · 4 < 60, 3 · 8 < 60
and 2 · 16 < 60.
Next, suppose that n = 4. Then dim φ ≥ q3 − q2 + q − 1 and, by Proposition
2.2, α(g) ≤ 6. Since 6 · 8(q + 1) < q3 − q2 + q − 1 if q ≥ 9, we are left to consider
the cases q = 5, 7. For q = 5 we find that η2(G) = 8. Since dimφ ≥ 104, we get
6 · 8 < 104, as desired. For q = 7 we find that η2(G) ≤ 32. Since dimφ ≥ 300, we
get 6 · 32 < 300, and we are done.
Finally, suppose that n = 3. Then dim φ ≥ q2 − q, α(g) ≤ 3 and η2(H1) ≤
4(q + 1). Since 3 · 4(q + 1) < q2 − q for q ≥ 17, we are left to consider the cases
q = 5, 7, 9, 11, 13. For q = 5, we find that η2(G) = 8 and dimφ ≥ 20. Moreover,
if |g| = 4, then α(g) ≤ 3 and hence 3 · 4 = 12 < 20; if |g| = 8, then α(g) = 2 and
hence 2 · 8 = 16 < 20. So we are done with the case q = 5. For q = 7, we find that
η2(G) = 16 and dimφ ≥ 42. If |g| = 4, or 8, then α(g) ≤ 3, whence 3 · 8 = 24 < 42;
if |g| = 16, then α(g) = 2 whence 2 · 16 = 32 < 42. So we are done with the case
q = 7. For q = 9, η2(G) = 16 and dimφ ≥ 72, whence 3 ·16 < 72, done. For q = 11,
η2(H2) = 2 · 8 = 16 and dimφ ≥ 110, whence 3 · 16 < 110. Finally, for q = 13,
η2(H2) = 2 · 8 = 16 and dimφ ≥ 156, whence 3 · 16 < 156. This ends the proof. 
Remark. The previous lemmas, except for a few exceptional cases which will be
dealt with separately, dispose completely of the case where either g /∈ Ad, or φ
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restricts to a Weil representation of L. The next lemma sets the case where the
restriction of φ to L has a constituent which is not a Weil representation of L
Lemma 5.9. Let L = PSU(n, q), where n ≥ 3. Furthermore, suppose that (n, q) 6∈
{(4, 2), (4, 3)}. Let g ∈ AutL be a p-element for some prime p coprime with q and
assume that g2 6= 1. Let G = 〈L, g〉 and let φ be a cross-characteristic projective
irreducible representation of G that is non-trivial on L. If the restriction of φ to L
has a constituent which is not a Weil representation of L, then φ(g) is not almost
cyclic.
Proof. Suppose that φ(g) is almost cyclic.
Assume first that n = 3 and q ≥ 5. Then dimφ ≥ (q−1)(q
2+3q+2)
6 and α(g) ≤ 3.
By [14, Theorem 2.16], |g| ≤ q2 + q if q is a prime, |g| ≤ q2− 1 otherwise. Hence, if
q is a prime, we get the bound (q−1)(q2+3q+2) ≤ 18(q2+q−1), which only holds
if q ≤ 17. If q is not a prime, we get the bound (q − 1)(q2 + 3q + 2) ≤ 18(q2 − 2),
which only holds if q ≤ 9. If L = PSU(3, 3), then |g| ∈ {4, 7, 8} and dimφ ≥ 14.
Furthermore, α(g) = 2 unless g ∈ L and has order 4, in which case α(g) ≤ 3.
Hence, we only need to examine the representations of degree 14 for |g| = 8. Use
of GAP shows that φ(g) is not almost cyclic. The remaining exceptional cases are
ruled out by applying Lemma 2.3, as shown in the following table:
L |g| ≤ α(g) ≤ dimφ ≥
PSU(3, 4) 13 3 39
PSU(3, 5) 8 3 28
PSU(3, 7) 43 3 216
PSU(3, 8) 19 3 105
PSU(3, 9) 73 3 464
PSU(3, 11) 37 3 260
PSU(3, 13) 157 3 1416
PSU(3, 17) 32 3 912
Next, assume that n = 4 and q ≥ 4. Then dim φ ≥ (q
2+1)(q2−q+1)−2
2 and
α(g) ≤ 6. By [14, Theorem 2.16], |g| ≤ q3 + 1, whence the bound (q2 + 1)(q2 − q +
1)− 2 ≤ 12q3, which only holds for q ≤ 11. For q ≤ 11, we also get a contradiction,
as shown in the following table:
L |g| ≤ α(g) ≤ dimφ ≥
PSU(4, 4) 17 4 220
PSU(4, 5) 13 6 272
PSU(4, 7) 43 6 1074
PSU(4, 8) 27 6 3704
PSU(4, 9) 73 6 2992
PSU(4, 11) 61 6 6770
Next, assume that n ≥ 5 is odd and (n, q) 6= (5, 2). In this case, dim φ ≥
qn−2(q−1)(qn−2−q)
q+1 and α(g) ≤ n. If q is prime, then |g| ≤ q
n−1 + q, whence the
bound qn−2(q− 1)(qn−2− q) ≤ n(q+1)(qn−1+ q− 1), which only holds for (n, q) ∈
{(5, 3), (7, 2)}. If q is not a prime, then |g| ≤ qn−1− 1, whence the bound qn−2(q−
1)(qn−2 − q) ≤ n(q + 1)(qn−1 − 2), which is never satisfied. If L = PSU(5, 2),
then |g| ∈ {3, 5, 9, 11} and dimφ ≥ 43. If |g| = 9, 11, then α(g) = 2, which
yields the contradiction 43 ≤ 2(11 − 1) = 20; if |g| = 3, 5, then α(g) ≤ 5, whence
ALMOST CYCLIC ELEMENTS IN CROSS CHARACTERISTIC REPRESENTATIONS 25
43 ≤ 5(5 − 1) = 20, again a contradiction. The remaining exceptional cases are
ruled out by Lemma 2.3, as shown in the following table:
L |g| ≤ α(g) ≤ dimφ ≥
PSU(5, 3) 61 5 324
PSU(7, 2) 43 7 320
Now, assume that n ≥ 6 is even and (n, q) 6= (6, 2). Then dimφ ≥ q
n−2(q−1)(qn−2−1)
q+1 ,
and again α(g) ≤ n. If q = 2, then |g| ≤ 4(2n−3+1), yielding the bound 2n−2(2n−2−
1) ≤ 12n(2n−3 + 1), which is never satisfied. If q > 2, then |g| ≤ qn−1 + 1, whence
the bound (q − 1)(qn−2 − 1) ≤ nq(q + 1), which clearly never holds.
Finally, let L = PSU(6, 2). Then |g| ∈ {3, 5, 7, 9, 11}. Furthermore, if |g| = 3,
then α(g) ≤ 4; otherwise, α(g) = 2. Since dimφ ≥ 21 we easily see that, by Lemma
2.3, φ(g) cannot be almost cyclic. 
5.3. The case L = PSp(2n, q), n > 1, q odd. Let L = PSp(2n, q) and H =
Sp(2n, q), where q is odd and n > 1. Let pm be the p-part of |Fq : Fr|. Recall that
CSp(2n, q) denotes the conformal symplectic group. It is well known that Ad =
CSp(2n, q)/Z, where Z is the group of scalar matrices in GL(2n, q). Furthermore,
|Ad : L| = 2, as q is odd.
5.3.1. The case p > 2. We first deal with the case where g ∈ AutL is a p-element
that does not belong to L.
Lemma 5.10. Let L be as above, with p odd. Let 1 6= g ∈ AutL be a p-element and
set G = 〈g, L〉. Let φ be a cross-characteristic irreducible projective representation
of G such that dimφ > 1. Suppose that g /∈ L. Then φ(g) is not almost cyclic.
Proof. By Lemma 3.5, ηp(AutL) ≤ ηp(H). As g /∈ L, the assumption p > 2 implies
q ≥ 8, and hence, as q is odd, q ≥ 27. By Lemma 2.3, it suffices to show that
2n|g| < q
n−1
2 ≤ dimφ.
Suppose first that e is odd.
Then H contains a subgroup H1 ∼= GL(n, q), and |H |p = |H1|p (again, see [37]).
Thus, by the above, |g| ≤ ηp(H1). The latter, by Lemma 3.2, equals p
t|qe − 1|p,
where pte ≤ n < pt+1e. If n > 2, it follows from Lemma 5.4 that n|g| < q
n−1
q−1 − 2.
Since 2( q
n−1
q−1 − 2) <
qn−1
2 for q ≥ 7, we are done. So, let n = 2. Then e = 1
and |g| ≤ ηp(H1) = |q − 1|p. Thus 4|g| ≤ 4|q − 1|p, and one easily checks that
4|g| < (q2 − 1)/2 for q > 7.
Next, let e be even.
Then it is known that Sp(2n, q) contains a Sylow p-subgroup of GL(2n, q) (again,
see [37]). Write 2n = ae + b, where 0 ≤ b < e and, as usual, let q = qp
m
0 ,
where pm = |Φ|p. It is easy to observe that |GL(2n, q)|p = |GL(ae, q)|p. There-
fore |GL(ae, q)|p = |Sp(ae, q)|p, whence |Sp(2n, (q)|p = |Sp(ae, q)|p. Thus |g| ≤
ηp(GL(ae, q)).
Suppose first that 2n = ae. Observe that, by Lemma 3.1(1), e = ep(q) =
ep(q
pm
0 ) = ep(q0), and hence p divides q
e
0 − 1. It then follows, by Lemmas 3.1(2)
and 3.2, that |g| ≤ ηp(GL(ae, q)) = p
t+m|qe0−1|p, where p
t ≤ a < pt+1. We wish to
show that ae|g| ≤ 2npt+m|qe0 − 1|p ≤
4n2
e p
m(qe0 − 1) <
qae/2−1
2 . To this purpose, it
suffices to show that 4n2pm(q2n0 − 1) <
qnp
m
0
−1
2 . Now, 8n
2pmq2n0 < q
npm
0 holds for
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any p ≥ 3, any n ≥ 2 and any q0 ≥ 3, unless p = 3, m = 1 and one of the following
occurs:
(i) q0 = 3 and n ≤ 6;
(ii) q0 = 5 and n ≤ 3;
(iii) q0 = 7 and n = 2;
(iv) q0 = 9 and n = 2;
As p ∤ q, cases (i) and (iv) are ruled out. On the other hand, in all the other cases,
we still have 2n|g| ≤ q
n−1
2 . Namely, in case (ii), for n = 2 we have 2n|g| = 4|g| ≤
4η3(GL(4, 5
3)) = 36 < 125
2−1
2 , and for n = 3 we have 6|g| ≤ 6η3(GL(6, 5
3)) =
162 < 125
3−1
2 . In case (iii) we have 2n|g| = 4|g| ≤ 4η3(GL(4, 7
3)) = 108 < 343
2−1
2 .
Finally, suppose that 2n > ae. Then 2n|g| = 2nae ae|g| ≤
2n
ae ·
(qae/2−1)
2 <
qn−1
2 for
every n ≥ 2. 
Lemma 5.11. Let L = PSp(2n, q) with n ≥ 2 and q odd. Suppose that (2n, q) 6=
(4, 3). Let g ∈ L be a p-element for some prime p > 2 coprime with q. Let φ be
a non-trivial cross-characteristic projective irreducible representation of L. If φ is
not a Weil representation of L, then φ(g) is not almost cyclic.
Proof. By assumption, g ∈ L. Suppose that φ is not a Weil representation of
L. Then, by Lemma 2.11, dim φ ≥ (q
n−1)(qn−q)
2(q+1) . Furthermore, by [14, Lemma
2.10], |g| ≤ q
n+1
q−1 . Since α(g) ≤ 2n, if φ(g) is almost cyclic, then
(qn−1)(qn−q)
2(q+1) ≤
2n · q
n+1−q+1
q−1 . However, this bound only holds if either n = 2 and q ≤ 9 or n = 3, 4
and q = 3. In these exceptional cases, we have the following:
L |g| ≤ α(g) ≤ dimφ ≥
PSp(4, 5) 13 3 40
PSp(4, 7) 25 4 126
PSp(4, 9) 41 4 288
PSp(6, 3) 13 6 78
PSp(8, 3) 41 8 780
By Lemma 2.3, we conclude that φ(g) is not almost cyclic. 
5.3.2. The case p = 2.
Lemma 5.12. Let G = Sp(2n, q) and H = CSp(2n, q), where q is odd.
(1) G has two non-equivalent irreducible F -representations of degree (qn−1)/2;
they do not extend to H.
(2) Let charF 6= 2. Then G has two non-equivalent irreducible F -representa-
tions of degree (qn + 1)/2; they do not extend to H.
(3) If φ is an irreducible F -representation of H with dimφ > 1, then dimφ ≥
qn − 1.
Proof. (1) and (2): It is well known that, over the complex numbers, G has two non-
equivalent irreducible representations of degree (qn − 1)/2 and two non-equivalent
irreducible representations of degree (qn+1)/2 (see [11]). Moreover, it follows from
[11, Proposition 1.4] that the representations of equal degrees can be obtained from
each other by twisting by an involution h ∈ H , and hence none of them extends to
H . The reductions modulo an odd prime distinct from ℓ of these representations
remain irreducible and non-equivalent (see [36]). As for the representations of
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degree (qn−1)/2 the reduction modulo 2 remains irreducible, whereas the reduction
modulo 2 of the representations of degree (qn + 1)/2 has a composition factor of
degree (qn − 1)/2. This implies that the irreducible F -representations of G do
not extend to H . Moreover, it is clear that H has an irreducible F -representation
of degree qn − 1, whose restriction to G splits into two non-equivalent irreducible
representations of G of degree (qn − 1)/2.
(3): By [15, Theorem 2.1], it is known that, if τ is an irreducible F -representation
of G of degree greater that (qn + 1)/2, then dim τ ≥ (qn − 1)(qn − q)/2(q + 1) . It
follows from Clifford’s theorem that the same is true for φ, provided dimφ > qn+1.
Now, suppose dimφ ≤ qn + 1. Again by [15, Theorem 2.1], it follows from
Clifford’s theorem that the composition factors of φ|G are of degree (q
n ± 1)/2.
On the other hand, by the above, dimφ = qn ± 1. Taking into account that, if
charF = 2, there are no irreducible representation of G of degree (qn + 1)/2, item
(3) follows. 
Lemma 5.13. Let L = PSp(2n, q), where n ≥ 2 and q is odd. Let 1 6= g ∈ AutL
be a 2-element such that g2 6= 1, and let G = 〈g, L〉. Suppose that (2n, q) 6=
(4, 3). Then g is not almost cyclic in any cross-characteristic projective irreducible
representation φ of G that is non-trivial on L.
Proof. Let G1 = CSp(2n, q) · Φ. Then G1 ⊆ GL(2n, q) · Φ. By Lemmas 3.6
and 3.7, we have η2(Aut(L)) ≤ η2(G1) ≤ η2(GL(2n, q) · Φ) = η2(GL(2n, q)) ≤
2t+1(q + 1), where 2t ≤ n < 2t+1. For n > 2, we get that φ(g) is not almost
cyclic by Lemma 2.3 once we show that 2n|g| < q
n−1
2 . Now, 2n|g| ≤ 2n · 2
t+1(q +
1) ≤ 4n2(q + 1) and 4n2(q + 1) < q
n−1
2 for all n ≥ 3 and q odd, unless (n, q) ∈
{(3, 3), (3, 5), (3, 7), (4, 3), (4, 5), (5, 3), (6, 3)}. For L as listed in the table below,
using the GAP package we get the following:
L |g| ≤ α(g) ≤ dim φ ≥
PSp(6, 5) 8 3 62
PSp(6, 7) 16 3 171
PSp(8, 3) 8 4 40
PSp(8, 5) 32 8 312
PSp(10, 3) 16 5 121
Thus in these cases, by Lemma 2.3, we conclude that φ(g) is not almost cyclic.
For L = PSp(6, 3), |g| ≤ 8. If |g| = 4, then α(g) ≤ 3, whence 13 ≤ 3(4−1), done.
If |g| = 8, then α(g) = 2 and hence we only need to examine the representations φ
such that 13 ≤ dim φ ≤ 14, and GAP shows that φ(g) is not almost cyclic.
For L = PSp(12, 3), we have |g| ≤ η2(GL(12, 3)) = 32 and α(g) ≤ 12. If
|g| = 4, 8, 16, we are done, as 12(|g| − 1) ≤ 3
6−1
2 = 364. If |g| = 32, then g 6∈ L
(since η2(PSp(12, 3)) = 16). So, we can refine the bound using Lemma 5.12, namely
we get 12(32− 1) ≤ 728.
Suppose now that n = 2 and q ≥ 5. Then it is enough to show that 5|g| ≤ q
2−1
2
(see Proposition 2.2(6)). By the above 5|g| ≤ 5 · 22(q + 1), and 20(q + 1) < q
2−1
2
for all q > 41. Assume q ≤ 41. Then we may refine the previous bound, obtaining
that 5|g| ≤ 5η2(GL(4, q)) ≤
q2−1
2 unless q = 5, 7, 9, 11, 17, 31. In these exceptional
cases we get the following:
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L |g| α(g) dimφ ≥
PSp(4, 5) = 4 ≤ 3 12
= 8 = 2
PSp(4, 7) ≤ 8 ≤ 3 24
= 16 = 2
PSp(4, 9) ≤ 8 ≤ 3 40
= 16 = 2
PSp(4, 11) ≤ 8 ≤ 3 60
PSp(4, 17) ≤ 32 ≤ 3 144
PSp(4, 31) ≤ 64 ≤ 5 480
Hence, by Lemma 2.3, we are only left to consider the following instances:
(i) L = PSp(4, 5) and |g| = 8. This means that g 6∈ L, whence dimφ ≥ 24. This
yields 24 > 2(8− 1). Thus g is not almost cyclic.
(ii) L = PSp(4, 7) and |g| = 16. In this case g 6∈ L, whence dimφ ≥ 48 (again
by Lemma 5.12, which yields 48 > 2(16− 1). Thus g is not almost cyclic. 
6. The groups PSL(n, q), n > 2; PSU(n, q), n > 2; PSp(2n, q), n > 1, q odd;
case p | q
In this section we examine the case where p divides q, for the simple groups
L = PSL(n, q), (n > 2), PSU(n, q) (n > 2 and (n, q) 6= (3, 2)), and PSp(2n, q),
(n > 1 and q odd).
Although, for p odd, we might refer to the earlier paper [7], the approach chosen
in the present paper (for all p) appears to be more efficient than in [7] (and may
lead to a shorter proof of the results in [7]).
First, let H = GL(n, q) and let Φ be the group of field automorphisms of H .
Suppose that t and m are such that pt < n ≤ pt+1 and |Φ|p = p
m. Write q = qp
m
0 .
Observe that ηp(H) = p
t+1. Indeed, pt+1 is exactly the order of a unipotent element
of GL(n, q) consisting of single Jordan block of size n.
Next, we need the following arithmetical lemma:
Lemma 6.1. Let p be a prime and let q be a p-power. Let n be an integer greater
than 4, and suppose that t,m and q0 are defined as above. If p = 2, then n2
t+m+2 ≤
qn−q
q+1 unless q = 2 and 5 ≤ n ≤ 9. If p is odd, then np
t+m+1 ≤ q
n−q
q+1 . Furthermore,
n2t+m+2 ≤ q
n−1
q−1 − 2, unless q = 2 and n = 5, 6.
Proof. Since pt < n ≤ pt+1, we have npt+m+2 ≤ p2t+m+3 and q
n−q
q+1 ≥ q
n−2 =
q
pm(n−2)
0 ≥ p
pm(pt−1). Hence, it suffices to prove that p2t+m+3 ≤ pp
m(pt−1), which
is equivalent to prove that 2t+m+3 ≤ pm(pt−1). Notice that 2t+m+3 ≤ 2m(2t−1)
holds unless one of the following cases occurs: (i) t = 0; (ii) t = 1 and m = 0, 1, 2;
(iii) t = 2 and m = 0, 1; (iv) t = 3 and m = 0.
Assume that case (i) holds (i.e. t = 0). As p ≥ n ≥ 5, we have npm+1 ≤ pm+2 ≤
p3p
m
≤ pp
m(n−2).
Now, assume that case (ii) holds. As p2 ≥ n ≥ 5, we have p ≥ 3. So, we have
to show that npm+2 ≤ pm+4 ≤ p3p
m
. Clearly, m + 4 ≤ 3pm if m = 1, 2. If m = 0,
then np2 ≤ pn−2 unless n = 5 and p = 3. However, in the latter case 5 · 32 ≤ q
5−q
q+1 .
Next, assume that case (iii) holds. So, t = 2 and m ≤ 1. For all n ≥ 10, we
have np5 ≤ pn−2 ≤ qn−2, unless n = 10 and p = 2. So, suppose that p = 2. This
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implies n ≤ 23, in which case 32n ≤ q
n−q
q+1 holds unless q = 2. In the latter case,
32n > 2n − 1− 2 for n = 5, 6, 32n > 2
n−2
3 for n = 7, and 32n >
2n−1
3 for n = 8.
Finally, assume that case (iv) holds (i.e. t = 3 and m = 0). Then we have
np5 ≤ pn−2 for every n ≥ 11 and every p ≥ 2. If n ≤ 10, then p3 < n forces p = 2
and hence 23 < n ≤ 24 yields n = 9, 10. In this case, we have 32n ≤ q
n−q
q−1 unless
q = 2 and n = 9. 
Lemma 6.2. Let L ∈ {PSL(n, q), PSU(n, q)}, where n ≥ 5. Let g ∈ AutL be a
p-element such that g2 6= 1 and let G = 〈g, L〉. Then φ(g) is almost cyclic for some
cross-characteristic projective irreducible representation φ of G that is non-trivial
on L if and only if G = PSU(5, 2).2, dimφ = 10 and |g| = 16.
Proof. Recall (see Lemma 2.10) that dimφ ≥ q
n−1
q−1 − 2 if L = PSL(n, q), whereas
dimφ ≥ q
n−q
q+1 if L = PSU(n, q) and n is odd, and dimφ ≥
qn−1
q+1 if L = PSU(n, q)
and n is even. Also, notice that q
n−q
q+1 ≤
qn−1
q+1 ≤
qn−1
q−1 − 2.
If p ≥ 3, then ηp(G) ≤ p
t+m+1, where t and m are defined as above. By Lemma
6.1 we get n|g| ≤ npt+m+1 ≤ dimφ. Thus φ(g) is not almost cyclic, by Lemma 2.3.
If p = 2, then η2(G) ≤ 2
t+1 ·2t+m+2. Likewise, we may apply Lemma 6.1 obtaining
that φ(g) is not almost cyclic, unless L is one of the following groups: PSL(5, 2),
PSU(5, 2), PSL(6, 2), PSU(6, 2), PSU(7, 2), PSU(8, 2) and PSU(9, 2). Thus, we
need to examine these groups in detail. Moreover, in order to bound efficiently α(g)
we make use of the package GAP whenever necessary.
1) L = PSL(5, 2). In this case |g| ≤ 16 and dimφ ≥ 29. If |g| = 4, then α(g) ≤ 3,
whence 29 ≤ 3(4 − 1) = 9. If |g| = 8, then α(g) = 2, whence 29 ≤ 2(8 − 1) = 14.
Thus, if |g| ≤ 8, φ(g) is not almost cyclic. If |g| = 16, then α(g) = 2. This means
that we have to examine the representations φ such that 29 ≤ dimφ ≤ 30. Using
GAP, again we see that φ(g) is not almost cyclic.
2) L = PSU(5, 2). In this case |g| ≤ 16 and dimφ ≥ 10. If |g| = 4, then α(g) ≤ 3,
whence 10 ≤ 3(4−1) = 9. Thus φ(g) is not almost cyclic. If |g| = 8, then α(g) = 2,
and hence we need to examine the representations φ of degree 10 ≤ deg φ ≤ 14. If
|g| = 16, then α(g) = 2 and we need to examine the representations φ such that
10 ≤ dimφ ≤ 30. Using GAP, we see that φ(g) is almost cyclic if and only if
G = PSU(5, 2).2, dimφ = 10 and |g| = 16, as claimed.
3) L = PSL(6, 2). In this case |g| ≤ 16, α(g) ≤ 3 and dimφ ≥ 61. Whence
91 ≤ dim φ ≤ 3(16− 1) = 45, a contradiction.
4) L = PSU(6, 2). In this case |g| ≤ 16 and dim φ ≥ 21. If |g| = 8 or 16,
then α(g) = 2, whereas if |g| = 4, then α(g) ≤ 3. Thus, if |g| = 4 or 8, we have
21 ≤ α(g)(|g|− 1), and hence φ(g) is not almost cyclic. If |g| = 16 (g 6∈ L), we need
to examine the representations φ such that 21 ≤ dimφ ≤ 30. Using GAP, we find
that φ(g) is never almost cyclic.
5) L = PSU(7, 2). In this case |g| ≤ 16 and dimφ ≥ 42. f |g| = 8 or 16, then
α(g) = 2, whence 42 ≤ 2(16− 1) = 30. Thus φ(g) is not almost cyclic. Likewise, if
|g| = 4, then α(g) ≤ 4, whence 42 ≤ 4(4− 1) = 12, a contradiction.
6) L = PSU(8, 2). In this case |g| ≤ 16, α(g) ≤ 4 and dimφ ≥ 85. Hence we get
85 ≤ 4 · (16− 1), a contradiction.
7) L = PSU(9, 2). In this case |g| ≤ 32 and dimφ ≥ 170. If |g| ≤ 16, we get
170 ≤ 9 · 15, a contradiction. If |g| = 32, then we may consider g16. The latter
belongs to L, and L is generated by 9 conjugates of g16. By Lemma 2.3, dimφ ≤ 9d,
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where d equals the dimension of an eigenspace of φ(g16). Suppose that φ(g) is almost
cyclic. Then it readily follows that either 1 or −1 appears as an eigenvalue of φ(g16)
with multiplicity ≤ 16. Thus we may assume that dimφ ≤ 9d ≤ 9 · 16. However,
9 · 16 < 170, a contradiction. 
Lemma 6.3. Let L ∈ {PSL(3, q), PSL(4, q)}. Furthermore, suppose that L 6=
PSL(3, 2), PSL(3, 4), PSL(4, 2). Let g ∈ AutL be a p-element such that g2 6= 1
and let G = 〈g, L〉. Then g is not almost cyclic in any cross-characteristic projective
irreducible representation φ of G that is non-trivial on L.
Proof. Let L = PSL(3, q). If q = 3, then |g| = 3, α(g) ≤ 3 and dimφ ≥ 11, whence
11 ≤ 3(3− 1) = 6. Thus φ(g) cannot be almost cyclic.
Now, assume that q ≥ 5.
Let t and m be defined as above and suppose that p > 2. Then n = 3 implies
t = 0, whence ηp(G) ≤ p
m+1. Therefore 3ηp(G) ≤ 3p
m+1 ≤ pm+2, whilst dimφ ≥
q2+ q− 1 ≥ q2 ≥ p2p
m
. Thus it is enough to show that m+2 ≤ 2 · 3m ≤ 2pm. This
clearly holds for all m ≥ 0. If p = 2, then η2(G) ≤ 2
m+3. Hence (see Proposition
2.2) we need to show that 4η2(G) ≤ 2
m+5 ≤ 22
m+1
≤ q2+q−1. Now, m+5 ≤ 2m+1
provided m > 1. For m = 0, 1, we get the inequality 4 · 2m+3 ≤ 64 ≤ q2 + q − 1,
which holds for any even q > 4.
Next, let L = PSL(4, q). If q = 3, then |g| ≤ 9 and dimφ ≥ 26. If |g| = 3, then
α(g) ≤ 4, whence 26 ≤ 4(3−1) = 8; if |g| = 9, then α(g) = 2 and 26 ≤ 2(9−1) = 16.
In both cases, φ(g) cannot be almost cyclic.
Now, assume that q ≥ 5.
If p > 3, then ηp(G) ≤ p
m+1. Hence 4ηp(G) ≤ 4p
m+1 ≤ pm+2 ≤ p3p
m
≤
q3 + q2 + q − 1 ≤ dimφ, and we are done. If p = 3, then η3(G) ≤ 3
m+2, and hence
4η3(G) ≤ 4 ·3
m+2 ≤ 3m+4 ≤ 33
m+1
≤ dimφ for all m ≥ 1. If m = 0 (and q > 3), we
still have 4η3(G) ≤ 36 ≤ q
3 ≤ dimφ. Finally, let p = 2. Then η2(G) ≤ 2
m+3. By
Proposition 2.2 α(g) ≤ 6, whence 6η2(G) ≤ 2
m+6 ≤ 23·2
m
≤ dimφ for all m ≥ 2.
Furthermore, if m = 0, 1 (and q > 4), then 6η2(G) ≤ 96 ≤ 8
3 ≤ dimφ.
Finally, let L = PSL(4, 4). This group is easily dealt with. Indeed, in this case
|g| = 4, 8, α(g) ≤ 3 and dimφ ≥ 83, whence the contradiction 83 ≤ 3(8 − 1) = 21.
Thus φ(g) cannot be almost cyclic. 
Lemma 6.4. Let L ∈ {PSU(3, q), q > 4, PSU(4, q), q > 3}. Let g ∈ AutL be a
p-element such that g2 6= 1 and let G = 〈g, L〉. Then g is not almost cyclic in any
cross-characteristic projective irreducible representation φ of G that is non-trivial
on L.
Proof. Let L = PSU(3, q). If p > 2, then ηp(G) ≤ p
m+1. Since 3ηp(G) ≤ 3p
m+1
and dim φ ≥ q2− q ≥ 3q ≥ 3pp
m
, it suffices to show that m+1 ≤ pm, which clearly
holds for all m ≥ 0. If p = 2, then η2(G) ≤ 2
m+3. Hence, it will be enough to
show that 4η2(G) ≤ 2
m+5 ≤ 21+2
m
≤ 2q ≤ q2 − q. Now, m + 4 ≤ 2m provided
m ≥ 3. If 0 ≤ m ≤ 2, then 4η2(G) ≤ 128 ≤ q
2 − q for all q ≥ 16. If q = 8, then
4η2(G) = 32 ≤ 8
2 − 8. Therefore, we are done.
Now, let L = PSU(4, q). If p > 3, then ηp(G) ≤ p
m+1. Whence 4ηp(G) ≤
4pm+1 ≤ 4p2p
m
≤ 4q2 ≤ q3 − q2 + q − 1 ≤ dim φ (note that m + 1 ≤ 2pm for all
m ≥ 0). If p = 3, then η3(G) ≤ 3
m+2. Hence, 4η3(G) ≤ 4 ·3
m+2 ≤ 4 ·32·3
m
≤ dimφ
for all m ≥ 0. If p = 2, then η2(G) ≤ 2
m+3. It follows that 6η2(G) ≤ 6 · 2
m+3 ≤
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6 · 22
m+1
≤ 6q2 ≤ dimφ holds for all m ≥ 1. If m = 0 (and q > 4), then
6η2(G) ≤ 48 ≤ q
3 − q2 + q − 1.
Finally, let L = PSU(4, 4). In this case η2(G) = 16, α(g) = 2 and dimφ ≥ 51,
whence 51 ≤ 2(|g| − 1) ≤ 30. Thus φ(g) cannot be almost cyclic. 
Now, we turn to the symplectic groups in odd characteristic.
Lemma 6.5. Let L = PSp(2n, q), where n ≥ 2 and q is odd. Let 1 6= g ∈ AutL be
a p-element and let G = 〈g, L〉. Let φ be a cross-characteristic projective irreducible
representation G that is non-trivial on L. Then φ(g) is almost cyclic if and only if
L = PSp(4, 3) and the following occurs:
(1) ℓ 6= 2, 3: g = 3a, 3b and dimφ = 4; g = 3c and dimφ = 6; g = 3d and
dim φ = 4, 5; |g| = 9 and dimφ = 4, 5, 6.
(2) ℓ = 2: g = 3a, 3b and dimφ = 4; g = 3c and dimφ = 6; g = 3d and
dim φ = 4; |g| = 9 and dim = 4, 6.
Proof. First, note that ηp(G) ≤ p
t+m+1, where pt < 2n ≤ pt+1. Thus, we aim
to show that 2nηp(G) ≤ 2np
t+m+1 ≤ q
n−1
2 , that is, 4np
t+m+1 ≤ qn − 1. Now,
4npt+m+1 ≤ 2p2t+m+2 ≤ p2t+m+3 − 1 and qn − 1 ≥ pnp
m
− 1. Therefore, it will
suffice to consider the inequality 2t+m+ 3 ≤ npm.
If g ∈ L, we may refer to [7]. In particular, by [7, Theorem 1.1 and Lemma 4.2],
φ(g) is almost cyclic if and only if L = PSp(4, 3) and (1) or (2) holds. So, suppose
that g 6∈ L. This implies in particular that we may assume m > 0.
If t ≥ 1, then 2t + m + 3 ≤ pt+m−1 ≤ npm, unless t = m = 1 and p = 3, 5.
For p = 3, we get 3 < 2n ≤ 9 and 2nη3(G) ≤ 54n ≤
33n−1
2 . For p = 5, we get
5 < 2n ≤ 25 and 2nη5(G) ≤ 250n ≤
55n−1
2 . Thus we are done.
Finally, suppose that t = 0, i.e. 2n ≤ p. In this case, we have to consider the
inequality 2nηp(G) ≤ p
m+2 ≤ p
npm−1
2 . Since 2p
m+2 ≤ pm+3 − 1 ≤ pnp
m
− 1 is
equivalent to m+ 3 ≤ npm, we only need to observe that m+ 3 ≤ 2 · 3m holds for
all m ≥ 1, thus proving the statement. 
7. Some low-dimensional classical groups
In this section we deal with the low-dimensional simple groups L which were
left out in either or both the two previous sections. These groups, which need a
separate treatment, are the following: PSL(3, 2), PSL(3, 4), PSL(4, 2), PSU(3, 3),
PSU(4, 2) ∼= PSp(4, 3), PSU(4, 3). Observe that, with the exception of PSU(3, 3)
they all have an exceptional Schur multiplier (by this, we mean that the order of
the multiplier is divisible by the defining characteristic of the group in question).
As always, G = 〈g, L〉, where g ∈ AutL. When needed, we use the notation of the
GAP package to denote G and the conjugacy class of g. Also, in view of Lemma
2.12, we may assume g2 6= 1.
7.1. L = PSL(3, 2) ∼= PSL(2, 7). In this case |g| ∈ {3, 4, 7, 8} and α(g) = 2. Using
the GAP package, we find that φ(g) is almost cyclic if and only if one of the following
occurs:
• |g| = 3 and either ℓ 6= 7 and dimφ = 3, 4, or ℓ = 7 and dim φ = 2, 3, 4;
• |g| = 4 and either ℓ 6= 7 and dimφ = 3, 4, or ℓ = 7 and dim φ = 2, 3, 4, 5;
• |g| = 7 and either ℓ 6= 3, 7 and dimφ = 3, 4, 6, 7, 8, or ℓ = 3 and dimφ =
3, 4, 6, 7, or ℓ = 7 and dim φ = 2, 3, 4, 5, 6, 7.
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• |g| = 8 and either ℓ 6= 7 and dimφ = 6, 7, 8, or ℓ = 7 and dim φ =
2, 3, 4, 5, 6, 7.
7.2. L = PSL(3, 4). Here |g| ∈ {3, 4, 5, 7, 8}. If g 6∈ L and has order 3, then
α(g) ≤ 3; otherwise α(g) = 2.
Suppose first that g is a 2-element. Then, using the GAP and MAGMA packages
we find that φ(g) is almost cyclic if and only if one of the following occurs:
• ℓ 6= 3, 7: |g| = 8 and either G = L.21 and dim φ = 6 or G = L.23 and
dim φ = 8;
• ℓ = 3: |g| = 4, G = L and dimφ = 4; |g| = 8 and either G = L.21 and
dim φ = 6, or G = L.22 and dimφ = 4, 6, or G = L.23 and dimφ = 6, 8;
• ℓ = 7: |g| = 8 and either G = L.21 and dimφ = 6, or G = L.23 and
dim φ = 8, or g ∈ 8a and dimφ = 10.
Next, suppose that |g| = 3. Then, again using the GAP and MAGMA packages
we find that φ(g) is almost cyclic if and only if:
• ℓ = 3, g ∈ L and dimφ = 4.
Finally, suppose that |g| = 5, 7. Here in principle we have to examine represen-
tations of dimension 4, 6, 8 and 10, where 4-dimensional representations only occur
for ℓ = 3. Furthermore, the Sylow 5-subgroups as well as the Sylow 7-subgroups
are cyclic; hence, when ℓ = 5 and ℓ = 7, respectively, we can refer to [8, Lemma
2.13 and Corollary 2.14]. As a result, we get that φ(g) is almost cyclic if and only
if one of the following occurs:
• |g| = 5 and either ℓ = 3 and dimφ = 4, or dimφ = 6;
• |g| = 7 and either ℓ = 3 and dimφ = 4, or dimφ = 6, 8.
7.3. L = PSL(4, 2). Here |g| ∈ {3, 4, 5, 7, 8} and either dimφ ∈ {7, 8, 13, 14} or
dimφ ≥ 16. If |g| = 3, then g ∈ L and α(g) ≤ 4, and hence we only have to
examine the representations φ of dimension 7 and 8. If |g| = 4 and g 6∈ L, then
α(g) ≤ 3, and hence we only have to examine the representations φ such that
7 ≤ dimφ ≤ 9. In all the other cases, α(g) = 2. Using the GAP package, we find
that φ(g) is almost cyclic if and only if one of the following occurs:
• dim φ = 7 and either g ∈ 3a, 5, or |g| = 4 and g 6∈ L;
• dim φ = 7, 8 and |g| = 7, 8.
7.4. L = PSU(3, 3). Using the GAP package, we find that α(g) = 2 for |g| = 7, 8
and α(g) ≤ 3 for |g| = 3, 4. Suppose first that p 6= 3. The following holds:
If G = L, then φ(g) is almost cyclic if and only if:
• |g| = 7, 8, dim φ = 6, 7 and ℓ 6= 2, 3;
• |g| = 7, 8, dim φ = 6 and ℓ = 2.
If G = L.2, then p = 2 and φ(g) is almost cyclic if and only if:
• |g| = 8, dimφ = 6, 7 and ℓ 6= 2, 3;
• |g| = 8, dimφ = 6 and ℓ = 2.
Next, assume that p = 3. In this case |g| = 3, α(g) ≤ 3 and dim φ ≥ 6. So, we
only need to examine the representations φ of degree 6. Note that g ∈ L. Again,
using the GAP package, we obtain that φ(g) is not almost cyclic.
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7.5. L = PSU(3, 4). This group was left out by assumption in Lemma 6.4. In this
case η2(G) = 16, α(g) = 2 and dimφ ≥ 12. If |g| = 4, then 12 ≤ 2(4 − 1) =
6 and φ(g) cannot be almost cyclic. If |g| = 8, we only need to examine the
representations φ such that 12 ≤ dimφ ≤ 14. If |g| = 16, we only need to examine
the representations φ such that 12 ≤ dim φ ≤ 30. Using the GAP package, we find
that φ(g) is almost cyclic if and only if |g| = 16 and dimφ = 12.
7.6. L = PSU(4, 2) ∼= PSp(4, 3). In this case, |g| ∈ {3, 4, 5, 8, 9}. If |g| = 3, then
g ∈ L and α(g) ≤ 4. If |g| = 4 and g ∈ L, then α(g) = 2 (in which case we only
have to examine the representations φ such that 4 ≤ dimφ ≤ 6). If |g| = 4 and
g 6∈ L, then α(g) ≤ 3 (in which case we only have to examine the representations φ
such that 4 ≤ dimφ ≤ 9). If |g| = 8, then g 6∈ L and α(g) = 2 (hence we only have
to examine the representations φ such that 4 ≤ dimφ ≤ 14). Finally, if |g| = 5, 9,
then α(g) = 2.
Using the GAP package we find that φ(g) is almost cyclic if and only if one of
the following cases occurs:
• G = L and
(a) ℓ 6= 3, g ∈ 3a, 3b, 3d or |g| = 4, 5, 9 and dim φ = 4;
(b) ℓ = 3, g ∈ 3a, 3b, 4a or |g| = 5, 9 and dimφ = 4;
(c) ℓ 6= 2, 3, g ∈ 3d, 4b or |g| = 5, 9 and dimφ = 5;
(d) ℓ = 3, g ∈ 3c, 3d, 4b or |g| = 5, 9 and dimφ = 5;
(e) ℓ 6= 3, g ∈ 3c or |g| = 5, 9 and dim φ = 6.
• G = L.2 and
(f) ℓ = 3, g ∈ 4d or |g| = 8 and dim φ = 4;
(g) ℓ = 3, |g| = 4, 8 and dimφ = 5;
(h) ℓ 6= 3, |g| = 4, 8 and dimφ = 6.
Clearly, if we view L as PSU(4, 2) we must add the extra condition ℓ 6= 2 to items
(a), (e) and (h), whereas if we view L as PSp(4, 3) we must ignore items (b), (d),
(f) and (g). Also observe that in item (c) the assumption ℓ 6= 2 is due to the fact
that PSp(4, 3) does not have 2-modular irreducible representations of degree 5.
7.7. L = PSU(4, 3). In this case, dimφ ≥ 6. Observing that if g 6∈ L, then g is
a 2-element, and using the GAP package, we get the following evidences for the
values of α(g) and the almost cyclicity condition on φ(g):
|g| α(g) dimφ ≤
3 g ∈ L ≤ 4 4(3− 1) = 8
4 g ∈ L = 2 2(4− 1) = 6
4 g 6∈ L ≤ 4 4(4− 1) = 12
5 g ∈ L = 2 2(5− 1) = 8
7 g ∈ L = 2 2(7− 1) = 12
8 g ∈ L = 2 2(8− 1) = 14
8 g 6∈ L = 2 2(8− 1) = 14
9 g ∈ L = 2 2(9− 1) = 16
It follows that we only have to examine the representations φ such that 6 ≤ dimφ ≤
16. It turns out that if either ℓ = 0 or (p, ℓ) = 1, then φ(g) is almost cyclic if and
only if dimφ = 6 and
• G = L, g ∈ 3b or |g| = 5, 7, 8, 9;
• G = L.22, g ∈ 4d or |g| = 8 and ℓ 6= 2, 3.
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Next, suppose that ℓ = p. Then, for ℓ = 2, 5, 7, we are left to examine the
following possibilities:
(1) ℓ = 2, G ∈ {L,L.22}, |g| = 4, 8 and dimφ = 6;
(2) ℓ = 2, G = L.21, |g| = 4, 8 and dim φ = 12;
(3) ℓ = 5, G = L, |g| = 5 and dimφ = 6;
(4) ℓ = 7, G = L, |g| = 7 and dimφ = 6.
Considering (1), we see that if |g| = 8, then, since dimφ = 6, φ(g) must have a
single non-trivial block of size ≥ 5. Thus φ(g) is almost cyclic. So, assume that
|g| = 4. Assume first that g ∈ L. There are two classes of elements of order 4
in L, namely 4a, 4b. If g ∈ 4a, w.l.o.g we may assume that g lies in a maximal
subgroupM of L isomorphic to PSU(3, 3). We find that φ restricted toM remains
irreducible and φ(g) is the sum of two Jordan blocks of size 3. So φ(g) is not almost
cyclic. If g ∈ 4b, w.l.o.g we may assume that g lies in a maximal subgroup N of L
isomorphic to A7. We find that φ restricted to N remains irreducible and φ(g) is
the sum of two Jordan blocks of size 4 and 2. So again φ(g) is not almost cyclic.
Next, assume that g 6∈ L and 〈L, g〉 = L.22. There are two classes of such
elements, namely 4c, 4d. If g ∈ 4c, w.l.o.g we may assume that g lies in a maximal
subgroup P of L isomorphic to PSU(3, 3).2. We find that φ restricted to P remains
irreducible and φ(g) is the sum of two Jordan blocks of size 3. So φ(g) is not almost
cyclic. If g ∈ 4d, w.l.o.g we may assume that g lies in a maximal subgroup Q of L
isomorphic to S7. We find that φ restricted to Q remains irreducible and φ(g) is
the sum of two Jordan blocks of size 1 and one of size 4. So, φ(g) is almost cyclic.
The instances in (2) can be ruled out, as a 2-modular 12-dimensional representa-
tion of G when restricted to L splits into two 6-dimensional components intertwined
by g. Now, φ(g) is almost cyclic if and only if g2 is cyclic on each component, but
this cannot be by [6, Proposition 2.14].
Finally, observe that the Sylow 5-subgroups as well as the Sylow 7-subgroups are
cyclic. It follows that in instances (3) and (4), by [8, Lemma 2.13 and Corollary
2.14], φ(g) is almost cyclic (in fact, cyclic in instance (4)).
We conclude that, for any value of ℓ, φ(g) is almost cyclic if and only if dimφ = 6
and one of the following occurs:
• G = L and either g ∈ 3b or |g| = 5, 7, 8, 9;
• G = L.22 and either g ∈ 4d or |g| = 8.
Remark. Note that in the following cases φ|L is an irreducible Weil representation
of L, and g is a semisimple element. Thus, they have been already described in [8].
(1) G = PSL(3, 2), dimφ = 5, ℓ = 7 and |g| = 7;
(2) G = PSL(3, 2), dimφ = 7 and |g| = 7;
(3) G = PSU(3, 3), dimφ = 6 and |g| = 7, 8;
(4) G = PSU(3, 3), dimφ = 7, ℓ 6= 2 and |g| = 7, 8;
(5) G = PSU(4, 2), dimφ = 5 and g ∈ 3d or |g| = 5, 9;
(6) G = PSU(4, 2), dimφ = 5, ℓ = 3 and g ∈ 3c;
(7) G = PSU(4, 2), dimφ = 6, ℓ 6= 3 and g ∈ 3c or |g| = 5, 9;
(8) G = PSp(4, 3), dimφ = 4 and |g| = 4, 5;
(9) G = PSp(4, 3), dimφ = 5, ℓ 6= 2 and g ∈ 4b or |g| = 5.
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8. The groups Sp(2n, q), n > 1, q even; Ω(2n+ 1, q), n > 2, q odd;
PΩ±(2n, q), n > 3
As shown in [14, Theorem 2.16], if L is one of the simple groups Sp(2n, q) (n ≥ 2
and q even), Ω(2n+1, q) (n ≥ 3 and q odd) or PΩ±(2n, q) (n ≥ 4), then |g| ≤ q
n+1
q−1
for all g ∈ Aut(L).
Lemma 8.1. Let L = Sp(2n, q), where n ≥ 2, q is even and (n, q) 6= (4, 2). Let
g ∈ Aut(L), where g2 6= 1, and let G = 〈L, g〉 ⊆ Aut(L). Let φ be a cross-
characteristic projective irreducible representation φ of G that is non-trivial on L.
Then φ(g) is almost cyclic if and only if one of the following occurs:
(1) G = Sp(4, 4), |g| = 17 and dimφ = 18.
(2) G = Sp(6, 2) and
(a) dimφ = 7 and either g ∈ 3a, 4c, or |g| = 5, 7, 8, 9;
(b) dimφ = 8 and |g| = 7, 8, 9.
Proof. First, recall that dimφ ≥ (q
n−1)(qn−q)
2(q+1) and α(g) ≤ 2n+1 for any g ∈ Aut(L).
Suppose that φ(g) is almost cyclic. By Lemma 2.3 this implies that (q
n−1)(qn−q)
2(q+1) ≤
(2n + 1)(|g| − 1) ≤ (2n + 1) q
n+1−q+1
q−1 . The above inequality holds if and only
if (2n, q) ∈ {(4, 4), (4, 8), (6, 2), (6, 4), (8, 2), (10, 2), (12, 2), (14, 2)}. Thus, almost
cyclicity can only occur for these values of the pair (2n, q).
If L = Sp(4, 4), then dimφ ≥ 18 and |g| ∈ {3, 4, 5, 8, 17}. If |g| = 4, 8, 17, then
α(g) = 2; if |g| = 3, 5, then α(g) ≤ 3. If |g| < 17, then 18 > α(g)|g|, and hence
φ(g) is not almost cyclic. If |g| = 17, then g ∈ L, and using the GAP package, we
see that φ(g) is almost cyclic if and only if dimφ = 18. Whence item (1) of the
statement.
If L = Sp(4, 8), then |g| ≤ 13, α(G) ≤ 5 and dimφ ≥ 196. Since 196 >
5(13− 1) = 60, φ(g) is not almost cyclic.
If L = Sp(6, 2), then |g| ∈ {3, 4, 5, 7, 8, 9} and dimφ ≥ 7. If |g| = 3, then
α(g) ≤ 4; if |g| = 4, then α(g) ≤ 3; finally, if |g| ≥ 5, then α(g) = 2. Thus φ(g) is
not almost cyclic, unless possibly when dimφ ≤ 16. Using the GAP package, we
see that φ(g) is almost cyclic if and only if one of the instances listed in item (2) of
the statement occurs.
If L = Sp(6, 4), then |g| ≤ 17, α(G) ≤ 7 and dimφ ≥ 378. since 378 > 7(|g|− 1),
φ(g) is not almost cyclic.
If L = Sp(8, 2), then dimφ ≥ 35 and |g| ∈ {3, 4, 5, 7, 8, 9, 17}. If |g| ≥ 7, then
α(g) = 2; if |g| ≤ 5, then α(g) ≤ 5. In both cases, φ(g) is not almost cyclic.
If L = Sp(10, 2), then dimφ ≥ 155 and |g| ∈ {3, 4, 5, 7, 8, 9, 11, 16, 17, 31}. If
|g| ≥ 9, then α(g) = 2; if |g| ≤ 8 then α(g) ≤ 6. In both cases, φ(g) is not almost
cyclic.
If L = Sp(12, 2), then |g| ≤ 31, α(G) ≤ 13 and dimφ ≥ 651, whence 651 >
13(31− 1) = 390, and again φ(g) is not almost cyclic.
Finally, if L = Sp(14, 2), then |g| ≤ 127, α(G) ≤ 15 and dimφ ≥ 2667. Again,
we see that φ(g) cannot be almost cyclic. 
Lemma 8.2. Let L = Ω(2n + 1, q), where n ≥ 3 and q is odd. Let g ∈ Aut(L),
where g2 6= 1, and let G = 〈L, g〉 ⊆ Aut(L). Then φ(g) is not almost cyclic in any
cross-characteristic projective irreducible representation φ of G that is non-trivial
on L.
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Proof. Suppose that φ(g) is almost cyclic. By Lemma 2.10, if q = 3 and n ≥ 4,
then dimφ ≥ (3
n−1)(3n−3)
8 , whence the bound
(3n − 1)(3n − 3)
8
≤ (2n+ 1)
3n+1 − 2
2
,
which holds if and only if n = 4. If q > 3, then, again by Lemma 2.10, dimφ ≥
q2n−1
q2−1 − 2, whence the bound
q2n − 2q2 + 1
q2 − 1
≤ (2n+ 1)
qn+1 − q + 1
q − 1
,
which holds if and only if n = 3 and q = 5, 7. By the above, we are left to examine
the following cases:
(1) L = Ω(7, 3). Here dimφ ≥ 27 and |g| ∈ {3, 4, 5, 7, 8, 9, 13}. If |g| ≥ 5, then
α(g) = 2; if |g| = 3, 4, then α(g) ≤ 4. In both cases, φ(g) cannot be almost
cyclic.
(2) L = Ω(7, 5). Here |g| ≤ 31, α(L) ≤ 7 and dimφ ≥ 649, whence 649 >
7(31− 1) = 210. Hence φ(g) is not almost cyclic.
(3) L = Ω(7, 7). Here |g| ≤ 16, α(L) ≤ 7 and dim φ ≥ 2449, whence 2449 >
7(16− 1) = 105. Hence φ(g) is not almost cyclic.
(4) L = Ω(9, 3). Here |g| ≤ 41, α(L) ≤ 9 and dimφ ≥ 780. Whence 780 >
9(41− 1) = 360. Hence φ(g) is not almost cyclic.

Lemma 8.3. Let L = PΩ−(2n, q), where n ≥ 4. Let g ∈ Aut(L), where g2 6= 1,
and let G = 〈L, g〉 ⊆ Aut(L). Then g is not almost cyclic in any cross-characteristic
projective irreducible representation φ of G that is non-trivial on L.
Proof. Suppose that φ(g) is almost cyclic and assume that (n, q) 6= (4, 2), (4, 4),
(5, 2), (5, 3). Since dimφ ≥ (q
n+1)(qn−1−q)
q2−1 − 1, the following bound must be met:
(qn + 1)(qn−1 − q)− (q2 − 1)
q2 − 1
≤ 2n
qn+1 − q + 1
q − 1
.
However, this only holds if either n = 4 and q ≤ 8 or n = 6, 7 and q = 2. Thus, let
us consider these possible exceptions.
If L = Ω−(8, 2), then |g| ∈ {3, 4, 5, 7, 8, 9, 17} and dimφ ≥ 33 (here we use the
explicit knowledge of the degrees as exhibited in [22]). If |g| = 3, then α(g) ≤ 4; if
|g| = 4, then α(g) ≤ 3; if |g| ≥ 5, then α(g) = 2. So, in every case 33 > α(g)(|g|−1),
a contradiction.
If L = PΩ−(8, 3), then |g| ∈ {3, 4, 5, 7, 8, 9, 13, 41} and dimφ ≥ 245. If |g| ≤ 13,
then α(g) ≤ 8, whence 245 > 8(13 − 1) = 96, a contradiction. If |g| = 41, then
g ∈ L and α(g) = 2, whence 245 > 2(41− 1) = 80, again a contradiction.
If L = PΩ−(8, 4), then either |g| ≤ 32 or |g| = 257. Furthermore, dimφ ≥ 1026.
If |g| ≤ 32, then α(g) ≤ 8, whence 1026 > 8(32 − 1) = 248, a contradiction. If
|g| = 257, then g ∈ L and α(g) = 2, whence 1026 > 2(257 − 1) = 512, again a
contradiction.
If L = PΩ−(10, 2), then |g| ∈ {3, 4, 5, 7, 8, 9, 11, 16, 17} and dimφ ≥ 151. If
|g| ≤ 16, then α(g) ≤ 10, whence 151 > 10(16 − 1) = 150, a contradiction. If
|g| = 17, then g ∈ L and α(g) = 2, whence 151 > 2(17 − 1) = 32, again a
contradiction.
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In each of the remaining six cases, the bound α(g) ≤ 2n holds, which suffices in
order to apply uniformly Lemma 2.3 and obtain the desired contradiction. 
Lemma 8.4. Let L = PΩ+(2n, q), where n ≥ 4. Let g ∈ Aut(L) , where g2 6= 1,
and set G = 〈L, g〉 ⊆ Aut(L). Let φ be a cross-characteristic projective irreducible
representation of G non-trivial on L. Then φ(g) is almost cyclic if and only if
L = PΩ+(8, 2), dim φ = 8 and one of the following occurs:
• G = L and either g ∈ 3a, 5a, 8b or |g| = 7, 9;
• G = SO+(8, 2) and either g ∈ 4f or |g| = 8.
Proof. Suppose that φ(g) is almost cyclic. If q ≤ 3 and (n, q) 6= (4, 2), then dimφ ≥
(qn−1)(qn−1−1)
q2−1 . It follows that the bound
(qn − 1)(qn−1 − 1)
q2 − 1
≤ 2n
qn+1 − q + 1
q − 1
must be met. This happens if and only if either n ≤ 5 or q = 2 and n = 6, 7. If
q > 3, then dimφ ≥ (q
n−1)(qn−1+q)
q2−1 − 2, and so the bound to be met is
(qn − 1)(qn−1 + q)− 2(q2 − 1)
q2 − 1
≤ 2n
qn+1 − q + 1
q − 1
.
This holds if and only if n = 4 and q = 4, 5, 7, 8.
If L = Ω+(10, 2), then |g| ∈ {3, 4, 5, 7, 8, 9, 16, 17, 31} and dim φ ≥ 155. If
|g| ≤ 17, then α(g) ≤ 8, whence 155 ≤ 8(17− 1) = 128, a contradiction. If |g| = 31,
then g ∈ L and α(g) = 2. Thus, we get 155 ≤ 2(31− 1) = 60, a contradiction.
In each of the remaining eight cases, the bound α(g) ≤ 2n holds, and this,
together with the knowledge of an upper bound of |g|, suffices to apply uniformly
Lemma 2.3 in order to obtain the desired contradiction.
Finally, let us deal with the case when L = Ω+(8, 2). Then |g| ∈ {3, 4, 5, 7, 8, 9}
and dimφ ≥ 8 (see Lemma 2.10). (Indeed, L does have a (unique) projective
representation of degree 8 for any characteristic ℓ, and this is not an ordinary
representation of L).
Suppose first that g ∈ SO+(8, 2). If |g| = 3, then α(g) ≤ 4; if |g| = 4, then
α(g) ≤ 3; if |g| ≥ 5 then α(g) = 2. Since either dimφ = 8 or dimφ ≥ 28, applying
the usual bound we are only left to consider the case when dimφ = 8.
Let G = L. If ℓ 6= p, then using the GAP package we find that φ(g) is almost
cyclic if and only if g is one of elements described in the statement.
Now, suppose that ℓ = p = 7. Since the 7-Sylow subgroups are cyclic, for ℓ = 7
we can refer to [8, Lemma 2.13 and Corollary 2.14], and we find that φ(g) is almost
cyclic.
Next, suppose that ℓ = p = 5. We observe that L = Ω+(8, 2) contains three
classes of elements of order 5 and three classes of maximal subgroups isomorphic to
Sp6(2). Each of these symplectic groups contains elements from a single conjugacy
class of elements g ∈ L of order 5 and each element of order 5 of L is contained in
a symplectic group. (Note that the same holds for elements of order 9, considering
the three classes 9a, 9b, 9c of elements of order 9 and the three classes of maximal
subgroups isomorphic to A9.)
Now, considering the group 2.L, we see that the elements of the class 5a belong
to a maximal subgroup M of type 2×Sp(6, 2) (a single class). The restriction of φ
to M decomposes as the sum of a representation of degree 1 and a representation
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ψ of degree 7. Since ψ(g) is almost cyclic (see Lemma 8.1), it follows that φ(g) is
almost cyclic.
On the contrary, the elements of the classes 5b and 5c belong to a maximal
subgroup N of type 2.Sp(6, 2) (non-split central extensions: there are two classes
of such subgroups). The representation φ of degree 8 of 2.L restricts irreducibly to
N and, working in N , we see that φ(g) is not almost cyclic.
Finally, suppose that ℓ = p = 3. The group L has five classes 3a, 3b, 3c, 3d, 3e
of elements of order 3, and three classes 9a, 9b, 9c of elements of order 9. Each of
the classes 3a, 3b, 3c, and similarly each of the classes 9a, 9b, 9c is contained in
a unique maximal subgroup isomorphic to Sp(6, 2), and conversely each of these
symplectic groups contains elements from a single conjugacy class of elements of
order 3 and 9 of L, respectively.
On the other hand, if g belongs to one of the classes 3d, 3e, then α(g) = 3. This
yields the inequality 8 > 3(3− 1) = 6, and hence φ(g) is not almost cyclic.
Next, considering the group 2.L, we see that the elements of classes 3b, 3c, 9b, 9c
belong to a maximal subgroup M of type 2.Sp(6, 2) (there two classes of such
subgroups). The representation φ of degree 8 of 2.L restricts irreducibly to M and,
working in M , we obtain that φ(g) is almost cyclic if and only if g has order 9.
On the other hand, the elements g of the classes 3a, 9a belong to a maximal sub-
group N of type 2×Sp(6, 2) (a single class). The restriction of φ to such subgroups
decomposes as the sum of a representation of degree 1 and a representation ψ of
degree 7. Since ψ(g) is almost cyclic, φ(g) is also almost cyclic.
Next, let G = 〈L, g〉 = SO+(8, 2). Then p = 2, and using the GAP package
one can check that φ(g) is almost cyclic if and only if either |g| ∈ 4f or |g| = 8, as
claimed.
Finally, suppose that g /∈ SO+(8, 2), and hence |g| = 3, 9. Then α(g) ≤ 8;
moreover, either dimφ ≤ 50 or dim φ ≥ 105 (see [2] and [22]). If ℓ 6= 3, then use of
the GAP package shows that φ(g) is not almost cyclic. If ℓ = 3, we need to consider
representations of degree 28 or 48. Applying the usual bound, we can easily see
that φ(g) is not almost cyclic if |g| = 3. Now, let g 6∈ L be an element of order
9 belonging so a class C. Then the power maps in [2] show that g3 belongs to the
class 3d of L, and therefore every element x ∈ 3d is the cube of some y ∈ C. We
find that we can choose three elements in 3d, say x1, x2, x3, which generate L. Let
g1, g2, g3 three elements of C such that xi = g
3
i for i = 1, 2, 3. Thus, the group
H = 〈g1, g2, g3〉 contains 〈g
3
1 , g
3
2 , g
3
3〉 = L, whence H = L.3.
The above implies that α(g) ≤ 3 for all g ∈ C. However, φ(g) almost cyclic
would imply 28 ≤ dim φ ≤ 3(9− 1) = 24, a contradiction. 
9. The exceptional groups of Lie type
In this section we deal with the groups AutL, where L is a finite simple excep-
tional group of Lie type. The notation for the groups L is fairly standard. Note
however that our notation for q in the case of twisted groups is such that 2E6(q) ⊂
E6(q
2), 3D4(q) ⊂ D4(q
3), 2B2(q) ⊂ B2(q),
2F4(q) ⊂ F4(q) and
2G2(q) ⊂ G2(q).
First, we recall some facts on the structure of AutL.
Let Φ ∼= Gal(Fq/Fr). Then AutL = L · Φ for L = E8(q),
2B2(q),
2G2(q),
2F4(q),
where |Φ| is odd in the last three cases. If L = E7(q), then AutL/Ad ∼= Φ and
|Ad/L| = gcd(2, q − 1). Similarly, if L =
2E6(q) then AutL = Ad · Φ2, where
Φ2 = Gal(Fq2/Fr) and |Ad/L| = gcd(3, q + 1). If L =
3D4(q) then AutL ∼= L · Φ3,
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where Φ3 = Gal(Fq3/Fr). If L = F4(q) and q is odd, then AutL/L ∼= Φ; whereas,
if q is even, then Ad/L is a cyclic group of order 2|Φ|. If L = E6(q) then AutL =
Ad · Φ · Γ, where |Γ| = 2 and |Ad/L| = gcd(3, q − 1). If L = G2(q) and r 6= 3,
then AutL/L ∼= Φ; if r = 3, Ad/L is a cyclic group of order 2|Φ|. (For the data
above, see [25, Table 5.1B]. For a thorough and detailed reference, however, see [12,
Section 2.5 (Theorem 2.5.12)].)
Now, we look for the maximal order of an element in AutL, which can be easily
deduced from [14, 23]. These data are summarized in Table 1.
L Conditions |g| ≤
2B2(2
2e+1) e ≥ 1 (2e+ 1)(22e+1 + 2e+1 + 1)
G2(q) q = r
e, r 6= 3 e(q2 + q + 1)
G2(q) q = 3
e 2e(q2 + q + 1)
2G2(3
2e+1) e ≥ 1 (2e+ 1)(32e+1 + 3e+1 + 1)
3D4(q) q = r
e 3e(q3 − 1)(q + 1)
F4(q) q(q
3 − 1)(q + 1)
2F4(2
2e+1) e ≥ 1 (2e+ 1)(24e+2 + 23e+2 + 22e+1 + 2e+1 + 1)
E6(q) q
2(q3 + 1)(q2 + q + 1)
2E6(q) q(q + 1)(q
2 + 1)(q3 − 1)
E7(q) q(q + 1)(q
2 + 1)(q4 + 1)
E8(q) q(q + 1)(q
2 + q + 1)(q5 − 1)
Table 1. Maximal order of an element in AutL.
Next, lower bounds for the dimension of a non-trivial cross-characteristic projec-
tive representation of L can be found in [21, Table 1, p. 14]. These are summarized
in Table 2.
L Conditions dimφ ≥
2B2(q) q = 2
2e+1 > 8 2e(22e+1 − 1)
G2(q) q ≥ 5 q(q
2 − 1)
2G2(q) q = 3
2e+1 > 3 q(q − 1)
3D4(q) q
3(q2 − 1)
F4(q) q odd q
4(q6 − 1)
q even q
7(q3−1)(q−1)
2
E6(q) q
11 + q8 + q7 + q5 + q4 + q − 2
2F4(q) q = 2
2e+1 29e+4(22e+1 − 1)
2E6(q) q
9(q2 − 1)
E7(q) q
17 + q13 + q11 + q9 + q7 + q5 + q − 3
E8(q) q
29 + q23 + q19 + q17 + q13 + q11 + q7 + q − 4
Table 2. Lower bound for the dimension of a non-trivial cross-
characteristic projective representation of L.
Lemma 9.1. Let L be a simple exceptional group of Lie type. Let 1 6= g ∈ AutL be
a p-element and let G = 〈g, L〉. Then g is almost cyclic in some cross-characteristic
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projective irreducible representation φ of G that is non-trivial on L if and only if
one if the following cases occurs:
(1) G = 2B2(2
3) and either |g| = 13 and dimφ = 14 or |g| = 7, 13, ℓ = 5 and
dim φ = 8;
(2) G = G2(3), |g| = 13 and dim φ = 14;
(3) L = G2(4), |g| = 13, 16 and dimφ = 12.
Proof. Suppose that φ(g) is almost cyclic.
If L = 2B2(2
2e+1), where e ≥ 2, then α(g) ≤ 5. By Lemma 2.3 and Tables
1 and 2, the bound 2e(22e+1 − 1) ≤ 5
(
(2e+ 1)(22e+1 + 2e+1 + 1)− 1
)
must be
met. However, the bound only holds for e ≤ 6. So, we may assume 2 ≤ e ≤ 6.
If g ∈ L, then |g| ≤ 22e+1 + 2e+1 + 1, and hence we can refine the bound to
2e(22e+1 − 1) ≤ 5(22e+1 + 2e+1). However, this only holds for e = 2. This means
that for e = 3, 4, 5, 6, it suffices to examine elements g 6∈ L. But, for these values
of e, |g| ≤ 2e+ 1, which yields 2e(22e+1 − 1) > 10e, a contradiction.
If L = 2B2(2
3), then |g| ∈ {2, 3, 4, 5, 7, 13} and dimφ ≥ 8. If |g| = 2, α(g) = 3,
whereas, if |g| > 2, α(g) = 2. We readily get a contradiction if |g| = 2, 3, 4. So,
we may assume |g| ≥ 5, which implies g ∈ L. Inspection of the character tables
and Brauer characters shows that we are left to consider the following cases: (i)
|g| = 5, 7, 13, ℓ = 5 and dimφ = 8; (ii) |g| = 13, ℓ 6= 2 and dim φ = 14; (iii)
|g| = 13, ℓ = 13 and dimφ = 16, 24. Using the GAP package we obtain item (1)
of the statement. If L = 2B2(2
5), then |g| ∈ {2, 4, 5, 25, 31, 41} and dimφ ≥ 124.
Since α(g) ≤ 3, we get 124 ≤ 3(41− 1), whence a contradiction.
Next, suppose that L = G2(q), where q ≥ 5. Then α(g) ≤ 5 and dimφ ≥ q
3− q.
If q = 3e, e ≥ 2, the bound 3e(32e − 1) ≤ 5(2e(32e + 3e + 1)− 1) must be satisfied,
which only holds for e = 2, 3. Also notice that, if g ∈ L, we can refine the bound
obtaining 3e(32e − 1) > 5(32e + 3e), whence a contradiction.
If G = G2(3
2), and g 6∈ L, then p = 2. In particular, dimφ ≥ 720 and |g| ≤ 64,
which gives the contradiction 720 > 5(64−1) = 315. If G = G2(3
3) and g 6∈ L, then
p = 2, 3. Now, the maximal order of an element of L is 757, whence η2(L) ≤ 512
and η3(L) ≤ 729. This implies that |g| ≤ 2187 and hence, since dimφ ≥ 19656, we
obtain the inequality 19656 > 5(2187− 1) = 10930, whence a contradiction.
Now assume that q = re ≥ 5, where r 6= 3. In this case we obtain the bound
q(q2−1) ≤ 5(e(q2+q+1)−1), which only holds if q = 5, 8, 16. Furthermore, notice
that if g ∈ L, we can refine the bound to q(q2 − 1) ≤ 5(q2 + q), which only holds
when q = 5. If L = G2(5), then |g| ∈ {2, 3, 4, 5, 7, 8, 25, 31} and dimφ ≥ 120. If
|g| > 5, then α(g) = 2, whence 120 ≤ 2(31− 1) = 60, which yields a contradiction.
If |g| ≤ 5, then α(g) ≤ 4, whence 120 ≤ 4(5− 1) = 16, which yields a contradiction.
If L = G2(8) and g 6∈ L, then p = 3 and η3(L) = 9, whence 504 > 5(27− 1) = 130,
which yields a contradiction. If L = G2(16) and g 6∈ L, then p = 2 and η2(L) = 8,
whence 4080 > 5(32− 1) = 155, which yields a contradiction.
Next, let L = G2(3). Then |g| ∈ {2, 3, 4, 7, 8, 9, 13} and either dimφ = 14 or
dimφ ≥ 27. If |g| ≤ 3, then α(g) ≤ 4, otherwise α(g) = 2. Thus we readily get
a contradiction, unless |g| = 8, 9, 13 and dimφ = 14. Using the GAP package, we
find that φ(g) is almost cyclic only for |g| = 13.
Finally, let L = G2(4). Then |g| ∈ {2, 3, 4, 5, 7, 8, 13, 16} and either dimφ = 12
or dimφ ≥ 64. If |g| ≥ 4, then α(g) = 2, whereas α(g) ≤ 4 if |g| ≤ 3. We readily
get a contradiction, unless dimφ = 12 and |g| ≥ 7. Using the GAP package, we
find that φ(g) is almost cyclic if and only if |g| = 13, 16.
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Now, suppose that L = 3D4(q), where q = r
e. In this case α(g) ≤ 7 and we have
to consider the bound r3e(r2e− 1) ≤ 7(3e(r4e+ r3e− re− 1)− 1), which only holds
when q has one of the following values: q = 2e, where e ≤ 7; q = 3e, where e ≤ 4;
q = 5e, where e ≤ 2; q = 7, 11, 13, 17, 19.
Suppose first that g is semisimple. From the description of the maximal tori of
L given in [24], we can extract the following table, which gives, for each value of q,
an upper bound s(q) for the maximal order of a semisimple p-element of AutL:
q s(q) q s(q) q s(q)
2 13 3 73 4 241
5 601 7 181 8 243
9 6481 11 1117 13 28393
16 673 17 83233 19 769
25 390001 27 530713 32 1321
64 38737 81 6481 128 14449
It is easy to verify that for q ≥ 7 we get a contradiction, by Lemma 2.3.
Next, suppose that g is unipotent. Then ηp(L) = p if p ≥ 3, while η2(L) = 8
and η3(L) = 9 (see [30]). Thus we readily get a contradiction for q ≥ 3.
Let L = 3D4(2). Then |g| ∈ {2, 3, 4, 7, 8, 9, 13} and dim φ ≥ 25. If |g| ≥ 4, then
α(g) = 2. This gives 25 ≤ 2(13 − 1) = 24, a contradiction. If |g| = 2, 3, then
α(g) ≤ 4, whence 25 ≤ 4(3− 1) = 8, a contradiction.
At this stage, we are left to examine the cases when q = 3, 4, 5 and g is semisim-
ple.
Let L = 3D4(3). Then |g| ∈ {2, 4, 7, 8, 13, 73}. Since dimφ ≥ 216, we get a
contradiction unless |g| = 73. In this case, using the GAP package, we find that
α(g) = 2, whence 216 > 2(73− 1) = 144, which yields a contradiction.
Let L = 3D4(4). Then |g| ∈ {3, 5, 7, 9, 13, 27, 241}. Since dimφ ≥ 960, we
get a contradiction unless |g| = 241. Finally, let L = 3D4(5). Then |g| ∈
{2, 3, 4, 7, 8, 9, 31, 601}. Since dim φ ≥ 3000, we get a contradiction unless |g| = 601.
Notice that in the instances |g| = 241 for L = 3D4(4), and |g| = 601 for L =
3D4(5), the exceptional element g belongs to L and is a generator of the cyclic torus
T5 (in the notation of [24]). Since g is regular semisimple, by Lemma 2.8 α(g) ≤ 3,
yielding a contradiction.
Now, let L = 2E6(q). Then α(g) ≤ 9, whence the bound q
9(q2 − 1) ≤ 9(q(q +
1)(q2 + 1)(q3 − 1)− 1), which only holds for q = 2. In the latter case |g| ≤ 32, and
therefore we can improve the bound to 1536 ≤ 9(32 − 1) = 279, concluding that
φ(g) cannot be almost cyclic.
Next, let L = 2F4(2
2e+1), where e ≥ 1. Then α(g) ≤ 7. Since 29e+4(22e+1−1) >
7(2e+ 1)(24e+2 + 23e+2 + 22e+1 + 2e+1 + 1), we get a contradiction.
Similarly, we readily obtain a contradiction when L = 2G2(3
2e+1).
Now, let L = E6(q). Then α(g) ≤ 9. Since q
11+q8+q7+q5+q4+q−2 > 9q2(q3+
1)(q2+q+1), we get a contradiction. Similarly, we readily get a contradiction when
L = F4(q), E7(q) and E8(q). 
For the sake of completeness, we also deal here with the simple group 2F4(2)
′, the
so-called Tits group, as well as with the simple groups G = G2(2)
′ and G = 2G2(3)
′.
1) L = 2F4(2)
′. In this case |g| ∈ {2, 3, 4, 5, 8, 13, 16}, and either dimφ ∈ {26, 27}
or dimφ ≥ 78. Furthermore, if |g| = 2, then α(g) = 3; otherwise, α(g) = 2. Thus,
if |g| ≤ 13, we readily see that φ(g) cannot be almost cyclic. Finally, suppose that
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|g| = 16 and dim φ ∈ {26, 27}: using the GAP package we see that φ(g) is not
almost cyclic for every ℓ, including ℓ = 2.
2) L = G2(2)
′ ∼= PSU(3, 3).
By the results obtained above on PSU(3, 3), we see that if ℓ 6= 3, then φ(g) is
almost cyclic if and if:
• G = G2(2)
′, |g| = 7, 8, dimφ = 6, 7;
• G = G2(2), |g| = 8, dimφ = 6, 7.
Now, assume that ℓ = 3 6= p. Using the GAP package, we obtain that φ(g) is
almost cyclic if and if:
• G = G2(2)
′, dimφ = 3 and |g| = 2, 4, 7, 8;
• G = G2(2)
′, dimφ = 6, 7 and |g| = 7, 8;
• G = G2(2), dimφ = 6, 7 and |g| = 8.
Finally, assume that ℓ = p = 3. Then |g| = 3 andα(g) ≤ 3. So, we only need
to examine the representations φ of degree 3 and 6. Note that g ∈ L. Clearly, if
dimφ = 3, then φ(g) is almost cyclic. On the other hand, if dimφ = 6, using the
GAP package we obtain that φ(g) is not almost cyclic.
3) L = 2G2(3)
′ ∼= PSL(2, 8).
Using the GAP package, we obtain that φ(g) is almost cyclic if and only if:
• G = 2G2(3)
′, ℓ 6= 2, dimφ = 7, 8 and |g| = 7, 9;
• G = 2G2(3)
′, ℓ 6= 2, 7, dimφ = 9 and |g| = 9;
• G = 2G2(3)
′, ℓ = 2 and dimφ = 2;
• G = 2G2(3)
′, ℓ = 2, dimφ = 4 and |g| = 3, 7, 9;
• G = 2G2(3)
′, ℓ = 2, dimφ = 8 and |g| = 7, 9;
• G = 2G2(3), ℓ 6= 2, dim φ = 7, 8 and |g| = 9;
• G = 2G2(3), ℓ = 2, dim φ = 6, 8 and |g| = 9.
10. Proof of Theorem 1.2
In this section we provide the proof of the main theorem of the present paper,
namely, Theorem 1.2.
Proof. By Lemma 5.2 we may assume that p divides |L|. Suppose that L is a
classical group, and assume furthermore that L is neither orthogonal nor sym-
plectic of even characteristic. Assume first that g is a semisimple element (that
is, p ∤ q). Observe that, if g /∈ Ad, then φ(g) is not almost cyclic, unless L ∈
{PSU(3, 3), PSU(4, 3), PSp(4, 3)} (see Lemmas 5.4, 5.5, 5.6, 5.7, 5.8, 5.10 and
5.13). Now, suppose that g ∈ Ad. Then (see the argument following Lemma 5.2)
either φ|L has an irreducible constituent which is not a Weil representation, or
φ|L is an irreducible Weil representation of L. It follows that φ(g) is not almost
cyclic, unless either L ∈ {PSL(3, 2), PSL(3, 4), PSL(4, 2)}, p > 2 (see Lemmas 5.3
and 5.5), or L ∈ {PSU(4, 2), PSU(4, 3)} (see Lemma 5.9), or L = PSp(4, 3) (see
Lemmas 5.11 and 5.13).
Next, assume that g is unipotent, without any restriction to φ. Then φ(g) is not
almost cyclic unless L ∈ {PSL(3, 2), PSL(3, 4), PSL(4, 2), PSp(4, 3), PSU(5, 2)}
(see Lemmas 6.2, 6.3, 6.4 and 6.5). The above listed exceptions are analyzed in
Section 7. The case L = PSL(3, 2) is dealt with in 7.1, yielding items (1) to (6)
of the statement. The case L = PSL(3, 4) in 7.2, yielding items (7) to (14) of the
statement. The case L = PSL(4, 2) is dealt with in 7.3, yielding items (15) to (18)
of the statement. The case L = PSU(3, 3) is dealt with in 7.4, yielding items (19)
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and (20). The case L = PSU(3, 4) is dealt with in 7.5, where it is found that φ(g) is
never almost cyclic, unless φ is a Weil representation of dimension 12 and |g| = 16,
thus yielding item (21). The case L = PSU(4, 2) ∼= PSp(4, 3) needs some extra
care. If we view L as PSU(4, 2), the Weil representations of L have dimension 5
and 6. Thus (see 7.6), we get items (22) to (27). If we view L as PSp(4, 3), the
Weil representations have dimension 4 and 5. This group is dealt with in Lemma
6.5 if g is unipotent (that is, a 3-element), and in 7.6 if g is semisimple, yielding
items (28) to (31). The case L = PSU(4, 3) is dealt with in 7.7, yielding items (32)
and (33). The case L = PSU(5, 2) is dealt with in 6.2, yielding item (34) of the
statement.
Now, assume that L is a classical group, either orthogonal or symplectic of even
characteristic. These groups are dealt with in Section 8. If L is symplectic, then
we get items (35) to (37) of the statement, by Lemma 8.1. Lemmas 8.2, 8.3 and
8.4 deal with the orthogonal groups, yielding items (38) and (39) of the statement.
Finally, suppose that L is a group of exceptional type. In this case the occurrence
of almost cyclic elements is analyzed in Lemma 9.1, yielding items (40) to (43) of
the statement. 
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